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We bootstrap the S-matrix of massless particles in unitary, relativistic two dimensional quantum
field theories. We find that the low energy expansion of such S-matrices is strongly constrained by
the existence of a UV completion. In the context of flux tube physics, this allows us to constrain
several terms in the S-matrix low energy expansion or – equivalently – on Wilson coefficients of
several irrelevant operators showing up in the flux tube effective action. These bounds have direct
implications for other physical quantities; for instance, they allow us to further bound the ground
state energy as well as the level splitting of degenerate energy levels of large flux tubes. We find that
the S-matrices living at the boundary of the allowed space exhibit an intricate pattern of resonances
with one sharper resonance whose quantum numbers, mass and width are precisely those of the
world-sheet axion proposed in [1, 2]. The general method proposed here should be extendable to
massless S-matrices in higher dimensions and should lead to new quantitative bounds on irrelevant
operators in theories of Goldstones and also in gauge and gravity theories.
I. INTRODUCTION
Unraveling the dual string description of Yang-Mills
theory is an old-standing problem. A first step towards
achieving this goal is solving for the spectrum of long
strings or confining flux tubes of pure glue. At low en-
ergies, the massless flux tube excitations (or branons)
decouple from the massive short strings (or glueballs)1
and can be described by a two dimensional worldsheet
theory which can be formulated in terms of an effective
Lagrangian or in terms of the branon S-matrix. Both
approaches have their advantages and limitations.
The flux tube’s effective Lagrangian density is built
out of derivatives of the fields Xµ describing the embed-
ding of the worldsheet in spacetime. At low energies,
it is dominated by the square root of the induced met-
ric determinant h = dethαβ = det ∂αX
µ∂βX
νηµν , i.e.
the Nambu-Goto lagrangian. Any interaction consistent
with the bulk D-dimensional Poincare´ symmetry is also
permitted. Thus, the action is written in terms of curva-
1 If the number of colours Nc tends to infinity, then the flux tubes
decouple from the glueballs at any energy (independent of Nc).
ture invariants [3, 4],
A =
∫
d2σ
√−h [`−2s +R+K2 + `2sK4 + . . . ] , (1)
where R(hαβ) is the Ricci scalar and Kµαβ = ∇α∂βXµ
is the extrinsic curvature tensor and implicit are Wil-
son coefficients multiplying any of these structures in
the effective Lagrangian. The parameter `s is called
the string length. In static gauge Xµ(σ) = (σα, Xi),
where i= 1, . . ., D−2 are the transverse excitations of the
flux tube.
Nicely, Ricci is a total derivative and K2 vanishes on-
shell so the first two terms in the effective field theory
expansion can be dropped. Therefore, the low energy dy-
namics of (1) is tightly constrained by the non-linearly
realized target Poincare´ symmetry. This is known as
low energy universality [3–5]. The leading deviations
from the Nambu-Goto predictions for physical observ-
ables arise from K4 operators in (1), namely effects
of O(∂8X4). More precisely, there are two K4 opera-
tors, differing by the contractions of the indices and cor-
respondingly two coefficients α3 and β3 which do depend
on the specific underlying confining theory.
We will constrain them in this paper and thus bound
interesting physical quantities which depend on them.
To constrain these parameters we turn to the on-shell
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2approach to the flux tube world-sheet theory pioneered
by [3] which is based on the branon S-matrix. The 2 →
2 scattering amplitudes can be decomposed into chan-
nels, i.e. irreducible representations of the symmetry
group O(D−2). The low energy expansion of the phase
shifts in each channel can be written as (see II A for de-
tails)
2δsym =
s
4
+ α2s
2 + α3s
3 +O(s4)
2δanti =
s
4
− α2s2 + (α3+2β3)s3 +O(s4) (2)
2δsing =
s
4
− (D−3)α2s2 + (α3−(D−2)β3)s3 +O(s4)
where α2 =
D−26
384pi and s is the square of the center of
mass energy. Here and below we set `s = 1. The low
energy universality mentioned above is manifest here up
to O(s2) included [3]. The non-universal K4 terms in (1)
contribute at O(s3) and are encoded in the parameters α3
and β3 in (2). The high degree of universality of the bra-
non S-matrix is to be contrasted with a theory of compact
goldstones like the Pion, whose S-matrix shows depar-
tures from universality already at O(s2). To this order,
the phase shifts are real because inelastic processes like
2→ 4 give rise to imaginary contributions of O(s6).
We will see below that by requiring a consistent UV
completion of the branon S-matrix, we can put bounds
on its low energy expansion and thus bound the effec-
tive field theory parameters. This immediately leads to
many interesting bounds on various low energy physical
observables. One such interesting observable is the finite
volume energy spectrum which we can compute in per-
turbation theory from the action (1) above. For example,
for the ground state, we will find
E0(R) =
√
R2 − pi3 (D − 2) +
δ(D)
R7
+O(1/R9) , (3)
where R is the length of the flux tube loop and
δ(D) =
32pi6(2−D)((D−2)α3+(D−4)β3)
225
. (4)
Note that the leading confining potential E0(R) ∼ R
all the way upto the sub-sub-sub-leading corrections
of O(1/R5) are universal and captured by the square root
term in (3).
Similar formulae governing the first few universal terms
of the large R expansion can be written for excited states
as well [3, 4]. A particular feature of those results is that
they exhibit quite a lot of degeneracy: for very large ra-
dius the energy levels typically depend only on the total
left and right moving momentum but not on the indi-
vidual momenta of the branons. Level splitting of these
energy levels starts at O(1/R7) and directly probes the
non-universal parameters α3 and β3 introduced above
(see equation (26) below for a concrete example).
In summary, at very low energy, i.e. very long
flux tubes, universality powerfully constrains everything.
Eventually non-universal terms kick in. We then have
a triangle of three important players: the effective field
theory Lagrangian (1), the branon S-matrix (2) and the
finite volume spectrum (3). The main result of this paper
is a bound on the low energy expansion of the S-matrix
following from the existence of its consistent UV comple-
tion. This immediately translates into rigorous bounds
for the other two players in the triangle.
More speculatively, we will also study the boundary
of the allowed S-matrix space and find a remarkable nu-
merical coincidence: on that boundary lies an S-matrix
exhibiting a resonance with the quantum numbers, mass
and width exactly as predicted in [2, 6] and dubbed as
the QCD worldsheet axion there. Amusingly, at that
same point, the S-matrix we obtain also contains three
further heavier excitations which we call the dilaton, the
symmetron and the axion*. Given the remarkable nu-
merical coincidence w.r.t. the QCD axion, it is tempting
to speculate that they should be present in the QCD flux
tube.
Lattice Monte Carlo simulations of pure Yang-Mills
provide precious information on the dynamics of con-
fining flux tubes. The measurements of the low energy
spectrum support the outlined picture of universality at
large radius – see [7] for a review – and should hopefully
be sensitive to the non-universal corrections soon, e.g. [8]
for D=3. They also favor the existence of the conjectured
axion excitation [1, 2, 6, 9]; it would be very interesting
to look for other more massive excitations.
II. 2D MASSLESS S-MATRIX BOOTSTRAP
Massless excitations in 2D can be left (L) or right (R)
movers. In this section, we study the L-R scattering am-
plitude of branons.2
A. Setup
A long flux tube in D dimensions breaks the target
Poincare´ symmetry to ISO(1, 1)×O(D−2).3 This leads
to D−2 Goldstone bosons or branons. Consider now the
2→ 2 scattering amplitude of these branons,
Scdab(s) = σ1(s)δabδ
cd + σ2(s)δ
c
aδ
d
b + σ3(s)δ
d
aδ
c
b , (5)
2 A general 2D massless S-matrix has non-trivial L-L, L-R and
R-R components [10]. Lorentz invariance implies that the L-L
components is a function of the ratio pL1 /p
L
2 of the momenta
of the incoming left-moving particles. This means that the L-
L and the R-R amplitudes are independent of the energy scale.
Therefore, the branons must have trivial L-L and R-R scattering
because their interactions turn off at low energies [11].
3 We assume that the D-dimensional theory and the flux tube
preserve parity. It would be interesting to generalize our study
of branon scattering in the absence of parity, e.g. due to a θ-term.
3where the indices run over the D−2 transverse directions
and s is the square of the center-of-mass energy. Crossing
symmetry leads to
σ2(−s) = σ2(s) , σ3(−s) = σ1(s) . (6)
The amplitude (5) can also be decomposed in partial
waves of O(D−2) namely, the singlet, the anti-symmetric
tensor and the symmetric traceless tensor (see [12, 13] for
details),
Ssing = e
2iδsing = (D − 2)σ1 + σ2 + σ3
Santi = e
2iδanti = σ2 − σ3 (7)
Ssym = e
2iδsym = σ2 + σ3
where δrep may have an imaginary part due to particle
production. In this basis, unitarity is simply
|Srep(s)|2 ≤ 1 , ∀s > 0 . (8)
The amplitudes σi(s) are analytic functions of s in the
upper and the lower half plane related by 4
σi(s
∗) = [σi(s)]
∗
. (9)
Therefore, it is enough to know the amplitudes in the
upper half plane, where equations (6) and (9) lead to
σ2(−s∗) = [σ2(s)]∗ , σ3(−s∗) = [σ1(s)]∗ . (10)
The Nambu-Goto lagrangian leads to the low energy
expansion of the phase shifts as 2δrep =
s
4 + O(s
2).
In principle, higher order terms may also include non-
analytic terms of the form sp(log s)k with p > k > 0.
Furthermore, we know that Im δrep = O(s
6) because par-
ticle production starts with |M2→4|2 ∼ l12s [14]. Using
just these facts and (10) we can derive the low energy
expansion (2) with α2, α3 and β3 as real parameters. In
the context of the flux tube theory α2 =
D−26
384pi is univer-
sal and α3 and β3 are non-universal coefficients related to
the two independent K4 terms in (1). In appendix A, we
push this expansion up to O(s6) and find perfect agree-
ment with the O(s4) results of [15].
B. D = 3 Flux Tubes
To start with, we focus on the D = 3 target space.
In this case, only δsing ≡ δ is meaningful and the am-
plitude S = e2iδ obeys S(−s∗) = [S(s)]∗ for s in the
upper half plane. Furthermore, it was shown in [16]
that Im δ = O(s8). This implies
2δ(s) =
s
4
+ γ3s
3 + γ5s
5 + γ7s
7 + iγ8s
8 +O(s9) , (11)
4 This is just real analyticity for massive particles. For massless
particles, the s-channel and the t-channel cuts touch at s = 0
and cover the entire real axis of s.
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FIG. 1. Allowed region in the {γ˜3, γ˜5, γ˜7} space for a generic
D=3 flux tube S-matrix, with γ˜n=γn + (−1)(n+1)/2 1n23n−1 .
The S-matrix at the cusp (black point) is associated to the
goldstone (goldstino) S-matrix describing the flow from tri-
critical Ising to free fermions: it saturates the Schwarz-Pick
inequality. The edge in red corresponds to double CDD so-
lutions, saturating the 2-point Schwarz-Pick bound and the
full orange surface is determined by the 3-point Schwarz-Pick
inequality and it is saturated by a triple CDD family.
where γ3, γ5, γ7 are non-universal parameters. On the
other hand, γ8 is determined by the probability of particle
production at leading order P2→n≥4 = 2γ8s8+O(s9) . As
explained in [16], γ8 ∝ γ23 is not an independent param-
eter. We shall now show that the coefficients γ3, γ5, γ7
can only take values in the region depicted in figure 1.
The S-matrix S(z) is a holomorphic function from the
upper half plane H to the the unit disc D because uni-
tarity on the real axis along with the maximum modulus
principle implies that |S(z)| ≤ 1 in the full upper half
plane. Next, we construct a new function
S(1)(z|w) ≡ S(z)− S(w)
1− S(z)S(w)
/z − w
z − w , (12)
where w is any point in the upper half plane. It is easy
to see that (as a holomorphic function of z) this func-
tion (a) has no singularities in the upper half plane and
(b) is again bounded by 1 for z on the real line.5 By the
5 For z on the real line, |z − w|/|z − w| = 1 and notice that S(z),
S(w) ∈ D and S(z)−S(w)
1−S(z)S(w) is a Mobius transformation that maps
the unit disc D to itself.
4s > 0t =  s > 0
s = 0
s = 0s = 
s > 0
s < 0
s
 
FIG. 2. Left: domain of analyticity of a generic massless
two-dimensional S-matrix. The cut, in black, is all over the
real axis; the threshold at s = 0 it is in general a branch
point singularity. Right: we map the upper half plane to
the unit disc through s → χ = (4 − is)/(4 + is). The real
axis is mapped to the unit circle, the threshold to χ = 1
and s =∞ to χ = −1.
maximum modulus principle, it is bounded everywhere
on the upper half plane: |S(1)(z|w)|Im(z)≥ 0 ≤ 1. This is
the content of the so-called Schwarz-Pick theorem.
Inserting (11) in the Schwarz-Pick combination (12)
and expanding for small and imaginary z and w, we find
S(1)(ix|iy) = −1 +
(
1
96
+ 8γ3
)
x y + · · · ≥ −1 . (13)
This leads to our first bound
γ3 ≥ − 1
768
. (14)
In Appendix B, we show that the bound cannot be im-
proved by approaching the origin z=w=0 in any other
direction in the upper half plane. The authors of [6, 16]
estimated γ3 ≈ 3 × 10−4 from lattice data for SU(6)
YM [17].
Similarly, one can define S(2)(z|q, w) by replacing S(z)
by S(1)(z|q) in (12). Such Schwarz-Pick multi-point gen-
eralizations [18] can be used to derive (see appendix B)
γ˜3 ≥ 0
γ˜5 ≥ 4γ˜23 −
1
64
γ˜3 (15)
γ˜7 ≥ γ˜
2
5
γ˜3
+
1
4096
γ˜3 +
1
64
γ˜5 − 1
16
γ˜23
where γ˜n=γn+ (−1)(n+1)/2 1n23n−1 . The allowed region is
shown in figure 1.
It is interesting that Schwarz-Pick inequalities exploit
both unitarity and analyticity by exploring the region
of purely imaginary Mandelstam s – orthogonal to real
physical s – to efficiently bound the space of 2 → 2 S-
matrices.
C. D = 4 Flux Tubes
In D = 4 dimensions, the branon S-matrix possesses
an O(2) symmetry. In addition, the crossing and unitary
equations are invariant under Ssing ↔ Santi interchange
corresponding to β3 ↔ −β3 in (2). Universality fixes the
low energy expansion of the phase shifts up to order s2
included. The leading non-universal behavior depends
on the two coefficients α3 and β3 introduced in (2).
Crossing mixes the various irreps but the symmetric
channel S-matrix is still bounded by 1 along all the real
s-axis6 so we can still apply the first Schwarz-Pick in-
equality in this channel as in the previous section. This
leads to
α3 ≥ − 1
768
+
121
9216pi2
, (16)
independent of β3.
This is however not the full allowed {α3, β3} space as
we have yet to explore all channels and their interrela-
tions. To find the optimal bounds we proceed numerically
in the spirit of [19–21]. We map the upper half plane to
the unit disk with the real axis mapped to the unit cir-
cle, see figure 2. By assumption the S-matrix is analytic
in the interior of the disk and we can represent it as a
Taylor expansion. Our numerical ansatz is then given by
the truncated Taylor series
Sansatz =
Nmax∑
n=0
anχ
n , |χ| ≤ 1 . (17)
Then we minimize the linear functional α3 in the vector
space of the Taylor coefficients {an} as a function of β3,
given the quadratic constraints |Sansatz(χ)| ≤ 1 for each
χ on the upper boundary of the disk and for each Srep.
Further details are given in appendix D along with more
general numerical results obtained as byproduct of our
explorations but that are not relevant in the context of
flux tube theories.
The numerical result of the optimization problem is
shown in figure 3. The analytic bound in (16) would al-
low all the points above the Schwarz-Pick line (in red),
while we see numerically that the effect of bounding
the other channels produces the region depicted in blue.
When β3 = 0 the numerical bound and the analytic
one coincide. At this point, the S-matrix satisfies Yang-
Baxter and it is a pure phase in all channels. Its ex-
pression can be predicted analytically and is given in ap-
pendix C.
III. ENERGY SPECTRUM IN FINITE VOLUME
We just saw how many constraints on the long Flux
Tube follow from the general principles of the S-matrix
theory. Here we translate them into constraints on large
6 By crossing |Scrossedsym | = 12 |Ssing+Santi| ≤ 1. This actually holds
for any O(N = D − 2) theory as pointed out in [12].
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FIG. 3. Allowed region in the {β3, α3} parameter space of
flux tube S-matrice in D = 4 as obtained by numerics. The
red line represents the absolute minimum of α3 as predicted
analytically by the Schwarz-Pick theorem applied to the sym-
metric channel.
volume observables. We start with the flux tube ground
state energy E0(R).
At very large R we read off the string tension
from E0(R) ' R/`2s. Recall that the corrections up
to 1/R5 to this confining result are universal and given by
the square root in (3). The sub-sub-sub-subleading term
is not uniquely fixed by symmetry and is the subject of
this section.
Computing the non-universal correction in (3) is
straightforward in perturbation theory (sum of connected
vacuum Feynman diagrams), albeit increasingly complex
as we move to higher orders in 1/R. The leading correc-
tion δ(D) comes from the two K4 possible interactions
which we parametrize as
Lnon-univ = ∂a∂bXi∂a∂bXj∂c∂dXk∂c∂dX l × (18)
× [4δikδjl(α3 + β3)− 2δijδkl(α3 + 3β3)] .
Here we parametrize the coefficient of the two invariant
structures so to match the eye pleasing expressions (2), as
can be verified by a straightforward tree level computa-
tion. Thus, the leading order non-universal contribution
to the vacuum energy density is
= f(D) [∂µ∂ν∂ρ∂σ∆R(0)]
2
, (19)
where f(D) = 4(2 − D)((D−2)α3+(D−4)β3). The
derivative of the finite volume propagator is given by
∂µ∆R(x)=
∑
n ∂µ∆(x+n), where ∂µ∆(x) = −xµ/(2pi x2)
and nµ = (0, nR) is a displacement vector in the wind-
ing direction. The zero mode nµ = (0, 0) gives a
short-distance divergence in the limit x → 0 leading
to (19). This is regulated by a local counter-term,
which at this order simply amounts to neglecting the
zero mode. Thus, after a bit of algebra and exclud-
ing the zero mode, we are led to [∂µ∂ν∂ρ∂σ∆R(0)]
2
ren. =
288/pi2
∑∞
n,m=1 1/(R
8n4m4)=8pi6/225R8, which gives
the desired relation (4) between the first non-universal
correction to the energy and the first non-universal low
energy S-matrix parameters or Wilson coefficients. See
appendix F for further details. (In D = 3, physical quan-
tities only depend on the combination α3 − β3 = γ3.)
Since we bounded the later low energy parameters, see
figures 1 and 3, we automatically obtain bounds on the
Wilson coefficients and on the ground state energy. In
three and four dimensions, for instance, we find the fol-
lowing bound on the deviation from the square root for-
mula
δ(3) = −32pi
6γ3
225
≤ pi
6
5400
, (20)
and
δ(4) = −128pi
6α3
225
≤ pi
6
1350
− 121pi
4
16200
. (21)
Note that the right hand side of (21) is negative so
the square root formula must be corrected; the right
hand side of (20) is positive, in nice agreement with
the fact that integrable D = 3 Strings have precisely
Eint0 =
√
R2 − pi3 . Note also that the four dimensional
bound (21) is saturated when β3 = 0 (see figure 3) which
corresponds to the particular point where integrability is
preserved.
In fact, if we exploit the low energy integrability of the
theory we can bypass the Lagrangian approach altogether
and, by means of the so called Thermodynamic Bethe
Ansatz (TBA), compute (3) in terms of the S-matrix.
This is particularly clean in D = 3 since there is only a
single branon and a single corresponding pseudo-energy
in this case. The ground state energy then reads
E0(R) = R+
1
piR
∫ ∞
0
dx log(1− e−ε(x)) , (22)
where the pseudo-energy ε is the solution to the integral
equation
ε(x) = x+
1
2pi
∫ ∞
0
dx′
x′
K log(1− e−ε(x′)) , (23)
with the kernel K = x′ ∂∂x′ δ( 4xx
′
R2 ) and the phase shift is
given by the low energy expansion (11). (The TBA afi-
cionado might notice that this equation is a bit unusual;
in terms of x = eθ we see that a sum of rapidities shows
up as opposed to the more conventional difference. This
is because of the pure L/R scattering of our problem.)
Expanding the pseudo-energy as
ε(x) = x+
a(x)
R2
+
b(x)
R4
+
c(x)
R6
+O
(
1
R8
)
, (24)
and collecting powers of R we can straightforwardly find
all the functions a, b, c, . . . and hence the ground state
energy,
E0 = R− pi
6R
− pi
2
72R3
− pi
3
432R5
− 5pi
4
10368R7
− 32pi
6γ3
225R7
+ . . .
(25)
6We recognize that the first five terms are precisely the
expansion of the square root in (3) while the last term is
nothing but (4) with D = 3 and α3 − β3 ≡ γ3.
For D = 4 we can proceed in the same fashion as long
as we restrict ourselves to the integrable subspace β3 = 0.
In this case, we get a set of TBA equations [6] which can
also be simplified into a single equation and solved in a
large R expansion, see appendix E 1 for details.
Next we have excited states which we can analyze
in a similar way, either through perturbation theory or
through the excited state TBA. Of particular relevance
is the level splitting between the first few energy levels
since this degeneracy lifting is a sharp signature of the
non-universal terms. For instance, in D = 3 the first level
splitting between the second and third excited states (in
the zero momentum sector) reads
E2 branons(2,−2)− E4 branons(1, 1,−1,−1)
= −2455552pi
6γ3
5R7
+ O
(
1/R9
)
, (26)
where the arguments refer to the individual mode num-
bers. The basic logic that goes into computing (26) is
analogous to the derivation of (25), therefore the details
are given in appendix E 2. There we also establish the
bound on (26), that immediately follows from (15), and
comment on potential comparisons with LMC data in the
future.
Note that in our current logic, we can not completely
ignore the Lagrangian since we are exploiting the ther-
modynamic Bethe ansatz, which only allows us to relate
the S-matrix and the energy levels when the system is
integrable. It should be possible – and very interest-
ing – to relate more generally the various energy levels
with the two-to-two S-matrix, together with all higher
point amplitudes of non-integrable theories. The Lu¨scher
corrections [22] provide the leading term and general-
ized Lu¨scher corrections have been recently explored e.g.
in [23]. Perhaps the recent rederivation of the TBA in
more diagrammatic terms, see e.g. [24], can provide some
insights for such putative description. Or, developing the
approach of [25] for the flux tube may turn out useful.
It would be great to adapt these ideas to our setup and
re-derive (21) without expanding around the integrable
theory.
IV. RESONANCES
Given the bounds in figures 1 and 3 it is natural to
ask which S-matrices lie on those boundaries. This is
particularly relevant in 4D since Lattice MC shows a
rich phenomenology, with the presence of a parity odd
resonance [1, 9], dubbed QCD worldsheet axion in the
S-matrix approach to the long flux tube [2, 6].
In D = 3 we can find the S-matrices at the boundary
of figure 1 analytically. Given that in this case there is no
strong evidence for resonances from the lattice data, we
present this analysis in appendix B 4. Let us just mention
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manti
<latexit sha1_base64="2GvexUIBpEQlljo1plvGzcGFou0=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNkKCMoKEMEnlIiWWtL5twyvls3a0RkZWSr6CFig7R8iEU/AtOSAEJU41mdrWzEyZKWnLdT6ewsrq2vlHcLG1t7+yWK 3v7LRunRmBTxCo2nRAsKqmxSZIUdhKDEIUK2+Hoauq379FYGetbGifoRzDUciAFUC4FlXIUZD3CB8pAk5xMgkrVrbkz8GXizUmVzdEIKl+9fizSCDUJBdZ2PTchPwNDUiiclHqpxQTECIbYzamGCK2fzYJP+HFqgWKeoOFS8ZmIvzcyiKwdR2E+GQHd2UVvKv7ndVMaXPiZ1ElKqMX0EEmFs0NWGJk3grwvDRLBNDlyqbkAA0RoJAchcjHNKyrlfXiL3y+T1mnNy/nNWbV+OW+myA7ZETthHjtndXbNGqzJBEvZE3tmL86j8+q8Oe8/owVnvnPA/sD5+AanPJhP</latexit><latexit sha1_base64="2GvexUIBpEQlljo1plvGzcGFou0=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNkKCMoKEMEnlIiWWtL5twyvls3a0RkZWSr6CFig7R8iEU/AtOSAEJU41mdrWzEyZKWnLdT6ewsrq2vlHcLG1t7+yWK 3v7LRunRmBTxCo2nRAsKqmxSZIUdhKDEIUK2+Hoauq379FYGetbGifoRzDUciAFUC4FlXIUZD3CB8pAk5xMgkrVrbkz8GXizUmVzdEIKl+9fizSCDUJBdZ2PTchPwNDUiiclHqpxQTECIbYzamGCK2fzYJP+HFqgWKeoOFS8ZmIvzcyiKwdR2E+GQHd2UVvKv7ndVMaXPiZ1ElKqMX0EEmFs0NWGJk3grwvDRLBNDlyqbkAA0RoJAchcjHNKyrlfXiL3y+T1mnNy/nNWbV+OW+myA7ZETthHjtndXbNGqzJBEvZE3tmL86j8+q8Oe8/owVnvnPA/sD5+AanPJhP</latexit><latexit sha1_base64="2GvexUIBpEQlljo1plvGzcGFou0=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNkKCMoKEMEnlIiWWtL5twyvls3a0RkZWSr6CFig7R8iEU/AtOSAEJU41mdrWzEyZKWnLdT6ewsrq2vlHcLG1t7+yWK 3v7LRunRmBTxCo2nRAsKqmxSZIUdhKDEIUK2+Hoauq379FYGetbGifoRzDUciAFUC4FlXIUZD3CB8pAk5xMgkrVrbkz8GXizUmVzdEIKl+9fizSCDUJBdZ2PTchPwNDUiiclHqpxQTECIbYzamGCK2fzYJP+HFqgWKeoOFS8ZmIvzcyiKwdR2E+GQHd2UVvKv7ndVMaXPiZ1ElKqMX0EEmFs0NWGJk3grwvDRLBNDlyqbkAA0RoJAchcjHNKyrlfXiL3y+T1mnNy/nNWbV+OW+myA7ZETthHjtndXbNGqzJBEvZE3tmL86j8+q8Oe8/owVnvnPA/sD5+AanPJhP</latexit><latexit sha1_base64="2GvexUIBpEQlljo1plvGzcGFou0=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNkKCMoKEMEnlIiWWtL5twyvls3a0RkZWSr6CFig7R8iEU/AtOSAEJU41mdrWzEyZKWnLdT6ewsrq2vlHcLG1t7+yWK 3v7LRunRmBTxCo2nRAsKqmxSZIUdhKDEIUK2+Hoauq379FYGetbGifoRzDUciAFUC4FlXIUZD3CB8pAk5xMgkrVrbkz8GXizUmVzdEIKl+9fizSCDUJBdZ2PTchPwNDUiiclHqpxQTECIbYzamGCK2fzYJP+HFqgWKeoOFS8ZmIvzcyiKwdR2E+GQHd2UVvKv7ndVMaXPiZ1ElKqMX0EEmFs0NWGJk3grwvDRLBNDlyqbkAA0RoJAchcjHNKyrlfXiL3y+T1mnNy/nNWbV+OW+myA7ZETthHjtndXbNGqzJBEvZE3tmL86j8+q8Oe8/owVnvnPA/sD5+AanPJhP</latexit>
 anti
<latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0 hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIryn FAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJ llP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0 hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIryn FAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJ llP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0 hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIryn FAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJ llP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit><latexit sha1_base64="KgRQXP/iAWCx+qUW8L5757VgG58=">AAACCHicbVC7TgMxEPTxDOEVHh2NRYREFd0 hJCgjKKAMEnlISRTtOZtgYftO9h4inPIDfAUtVHSIlr+g4F+4hBSQMNVoZlc7O2GspCPf//Tm5hcWl5ZzK/nVtfWNzcLWds1FiRVYFZGKbCMEh0oarJIkhY3YIuhQYT28PR/59Tu0TkbmmgYxtjX0jexJAZRJncJu6wK0hk7aIryn FAzJ4bBTKPolfww+S4IJKbIJKp3CV6sbiUSjIaHAuWbgx9ROwZIUCof5VuIwBnELfWxm1IBG107H6Yf8IHFAEY/Rcqn4WMTfGylo5wY6zCY10I2b9kbif14zod5pO5UmTgiNGB0iqXB8yAkrs1qQd6VFIhglRy4NF2CBCK3kIEQmJ llP+ayPYPr7WVI7KgUZvzouls8mzeTYHttnhyxgJ6zMLlmFVZlgD+yJPbMX79F79d6895/ROW+ys8P+wPv4BlZ6mlM=</latexit>
Yang Baxter: 3=0
<latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i 4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3A T6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+ 0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i 4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3A T6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+ 0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i 4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3A T6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+ 0on1s=</latexit><latexit sha1_base64="Q+G1ab2/x5rOeg+fPMdGk8s6Az4=">AAACFnicbVA9SwNBEN3z2/gVtbRZEgQLkTsVFEEI2lgqGKPkQphbx7i 4t3fszknCcb0/wV9hq5Wd2Npa+F/cxBR+verx3gwz70WpkpZ8/90bGR0bn5icmi7NzM7NL5QXl85skhmBdZGoxJxHYFFJjXWSpPA8NQhxpLAR3Rz2/cYtGisTfUq9FFsxdLS8kgLISe1yJQ8Ju5RfgO7wA+gSmr0iXA8jJGhv5fuFX7TLVX/DH4D/JcGQVNkQx+3yR3iZiCxGTUKBtc3A T6mVgyEpFBalMLOYgriBDjYd1RCjbeWDLAVfzSxQwlM0XCo+EPH7Rg6xtb04cpMx0LX97fXF/7xmRle7rVzqNCPUon+IpMLBISuMdCUhv5QGiaD/OXKpuQAD5CqRHIRwYuZaK7k+gt/p/5KzzY3A8ZPtau1g2MwUW2EVtsYCtsNq7IgdszoT7I49sEf25N17z96L9/o1OuINd5bZD3hvn+ 0on1s=</latexit>
1 zero: 3<0
<latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwI vWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQ UGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7 RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwI vWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQ UGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7 RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwI vWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQ UGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7 RgjXdW2Q9Yb5/NsZ0k</latexit><latexit sha1_base64="yEWa/IxJQc3iYIUGvx39mnnix7c=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCBwm7KijiIejFYwTzgGwI vWMnDs4+mOkV47InP8Gv8Konb+LVL/Dgv7iJOfiqU1HVTXeVHytpyHHercLE5NT0THG2NDe/sLhkL680TJRogXURqUi3fDCoZIh1kqSwFWuEwFfY9K9Ohn7zGrWRUXhOgxg7AfRD2ZMCKJe69nrqEd5Q6vJb1NFh5m17PhJ0d9OjzMm6dtmpOCPwv8QdkzIbo9a1P7yLSCQBhiQ UGNN2nZg6KWiSQmFW8hKDMYgr6GM7pyEEaDrpKEbGNxMDFPEYNZeKj0T8vpFCYMwg8PPJAOjS/PaG4n9eO6HeQSeVYZwQhmJ4iKTC0SEjtMz7QX4hNRLB8HPkMuQCNBChlhyEyMUkL6yU9+H+Tv+XNHYqbs7P9srV43EzRbbGNtgWc9k+q7JTVmN1Jtgde2CP7Mm6t56tF+v1a7 RgjXdW2Q9Yb5/NsZ0k</latexit>
2 zeros: 3>0
<latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2h d9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEM SCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY 9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2h d9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEM SCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY 9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2h d9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEM SCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY 9OWKOdNfYL1vsXt2SdpA==</latexit><latexit sha1_base64="PBwq8bLZW0Jn6PDDS5+C0n1Gdq0=">AAACEnicbVDLSgNBEJz1GeNr1aMgg0HwILIbBcWDBL14jGAekA2h d9LRwdkHM71iXPbmJ/gVXvXkTbz6Ax78FzcxB43WqajqprvKj5U05Dgf1sTk1PTMbGGuOL+wuLRsr6zWTZRogTURqUg3fTCoZIg1kqSwGWuEwFfY8K9PB37jBrWRUXhB/RjbAVyGsicFUC517I3UI7yltMzvUEfmKPN2PB8JOnvpceZkHbvk7DpD8L/EHZESG6HasT+9biSSAEM SCoxpuU5M7RQ0SaEwK3qJwRjENVxiK6chBGja6TBHxrcSAxTxGDWXig9F/LmRQmBMP/DzyQDoyox7A/E/r5VQ77CdyjBOCEMxOERS4fCQEVrmBSHvSo1EMPgcuQy5AA1EqCUHIXIxyRsr5n244+n/knp51835+X6pcjJqpsDW2SbbZi47YBV2xqqsxgS7Z4/siT1bD9aL9Wq9fY 9OWKOdNfYL1vsXt2SdpA==</latexit>
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FIG. 4. At the S-matrix space boundary we encounter S-
matrices with zeros, that is resonances. In the antisymmetric
channel, to the left of the integrable point there is one single
resonance while to the right of the integrable point there are
two resonances, a broad one and a sharp one. Curiously, as
we move along the boundary we encounter S-matrices whose
resonance mass and with are in precise agreement with those
predicted in [6, 27] as extracted from SU(3) (right point) and
SU(5) (left point) lattice data.
that at the cusp Scusp = (8i − s)/(8i + s). Nicely, this
is an important S-matrix, albeit in a different context:
it describes the RG flow from the tricritical Ising fixed
point to the free fermion theory [26]. 7
Next we turn to D = 4, where the boundary must
be studied numerically. Here we find some remarkable
surprises. A first nice surprise is that the S-matrices
which saturate the bound have zeros, which physically
correspond to resonances. Figure 4 describes the posi-
tion of these resonances in the anti-symmetric channel as
we move along the boundary of figure 3. Depending on
whether we are to the right or left of the integrable β3 = 0
point, there is one (β3 < 0) or two zeros there (β3 > 0).
As we move along the boundary in the region β3 > 0, the
sharpest of these resonances passes spot on by the values
of the worldsheet axion. The two dots correspond to es-
timates based on SU(3) [2, 6] and SU(5) [27] lattice MC
simulations [1]. Because of these encouraging numerical
coincidences we will denote these two points along the
boundary as the SU(3) point and SU(5) point.
Remarkably, at these points, we find other zeros in
the S-matrices. One broader resonance shows up in the
same anti-symmetric channel along with a resonance in
each of the other two channels. The spectrum, measured
7 Precisely, SGoldstino = −Scusp, where the overall minus sign
could be easily incorporated in the formulas of the main text.
7as s0 = (m + iΓ/2)
2 at the position Srep(s0) = 0, for
the SU(3) and SU(5) points is given by
spectrum [m,Γ] SU(3) SU(5)
axion [1.85, 0.39] [1.64, 0.22]
axion* [3.25, 8.84] [2.83, 7.02]
symmetron [2.36, 4.99] [2.34, 4.54]
dilaton [1.88, 3.37] [1.84, 3.52]
Even though these values should obviously be taken as
benchmark values only, could these resonances be further
excitations present in the Yang-Mills long flux tubes? Of
course, these explorations must be taken with a grain of
salt since there is a priori no strong reason for the real
flux tube to be close to the boundary (recall that these
S-matrices cannot represent the elastic scattering of bra-
nons all the way up to the UV since particle production
kicks in eventually [14]).
Furthermore, we find that the axion coupling to the
world-sheet branons Q ≈ √8Γ/m5/2 (valid for Γ  m)
shows a plateau for almost all the values of β3 > 0,
apart from an initial transient. The value of this plateau
surprisingly coincides within a good numerical accuracy
with Qintegrable =
√
7/(16pi) [27]. The integrable value
of Q is fixed by demanding that the presence of the axion
results in a vanishing 2→ 4 scattering amplitude as the
axion mass goes to zero. It is plausible, given our cur-
rent numerical explorations, that this plateau holds all
the way up to β3 → ∞, where the axion becomes mass-
less. Since the family of S-matrices we find, coinciden-
tally, contain the SU(3) and SU(5) axions, it would be
tempting to believe that all SU(N) axions lie somewhere
along the trajectory in figure 4 and a natural candidate
for the large-N axion would be the massless resonance in
the limit β3 → ∞. However, this is excluded by current
lattice simulations [9] and it is an open question how to
relate a “blind to color” S-matrix approach to the large-N
limit. In appendix D 4 we give further details on the res-
onances.
Finally let us mention a small curiosity. The world-
sheet axion is the sharpest excitation by far. One could
imagine a dilation like excitation, governing the flux tube
thickness, to be the lightest scalar mode in some flux tube
theories. Could it be that perhaps the broad dilaton iden-
tified here becomes sharper in some other circumstances?
As it turns out, there is a region where the dilaton and
axion swap their roles; it is nothing but the reflection
symmetry of figure 3 discussed in section II C. So it is
natural to expect flux tube theories – albeit with very
different physics – living on the left shore. The left and
right shores of figure 3 can therefore also be called the
dilaton and axion shores respectively. In recent QCD ex-
plorations [21] a boundary of the physical S-matrix of pi-
ons was analyzed and there also the two shores had some-
how mirror physical properties (as far as which channels
are attractive/repulsive, which ones contain the ρ par-
ticle etc); the two dimensional setup here highlights in
a very sharp way some of the features which are quite
challenging to probe numerically there.
V. DISCUSSION
The physics of flux tubes is very rich. At low energy
we have universality which constrains very powerfully all
physical observables. Here we bounded the first non-
universal corrections by means of the S-matrix bootstrap.
In short, the existence of a properly UV completed bra-
non S-matrix constrains the possible space of S-matrices
and their low energy expansion, and therefore the space
of Wilson coefficients in effective field theory language.
To our knowledge, this is the first time that the low
energy Wilson coefficients are bounded optimally – see
e.g. (15). Clearly, our bounds also apply to any string-like
defect with the same symmetry breaking pattern as flux
tubes. Moreover, the very same logic could be applied
more broadly to bound other systems with spontaneous
symmetry breaking in two dimensions such as those aris-
ing from broken supersymmetry and even in higher di-
mensions. It would be fascinating to follow our approach
to bound the leading irrelevant operators showing up in
pion physics or, more ambitiously, in gauge and gravity
theories; and to compare with existing bounds based on
the analytic properties of the forward amplitude [28–30].
We look forward to pursuing this further.
As we crank up the energy our ignorance grows. At
intermediate energy we still have important hints from
lattice which strongly suggest the existence of a novel
pseudo-scalar like excitations in the flux tube. In S-
matrix language such new excitations show up as res-
onances. Here we looked for the S-matrices living at
the boundary of the allowed S-matrix space and found
that remarkably they do present a rich resonance pat-
tern and – what is more – the masses and width of the
the pseudo-scalar resonance pass spot on by the more re-
cent estimates of the putative new particle. Motivated by
this numerical coincidence, we are encouraged to take se-
riously the other broader resonances in these S-matrices.
It would be interesting to look for them on the lattice.
We could also follow the same sort of games as in [21]
(where the ρ particle was sometimes imposed as an in-
put) and repeat our Wilson coefficient bound analysis
and resonance spectroscopy after fixing the position of
the world-sheet axion resonance, to the SU(3) value say,
see appendix D 3. It would be interesting to push this
kind of analysis further, with stronger interplay between
the lattice and the S-matrix bootstrap.
As we increase the energy further we reach an even
more mysterious territory. At very high energy we know
close to nothing. Do we recover integrability at high en-
ergies, that is no particle production and thus |S(s)| → 1
as s → ∞. Or, instead, are we dominated by inelas-
tic particle production with |S(s)| → 0 or even some
more exotic possibility? We don’t know. It would be
very interesting to figure this out and use it as input
in an improved flux tube S-matrix bootstrap. One pos-
sible approach to these questions would be to include
multi-particle amplitudes in the S-matrix bootstrap and
constrain those as well.
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Appendix A: Low energy expansion
Loop diagrams in the branon effective field theory may
lead to non-analytic terms of the form sp(log s)k with p >
k > 0. Thus, we consider the following general low energy
expansion
σ1 =
6∑
p=1
p−1∑
k=0
(ap,k + ibp,k)(is)
p [log(−is)]k
σ2 = 1 +
6∑
p=1
p−1∑
k=0
cp,k(is)
p [log(−is)]k (A1)
σ3 =
6∑
p=1
p−1∑
k=0
(ap,k − ibp,k)(is)p [log(−is)]k
where the coefficients a, b and c are real due to (10).
Next we impose that 2δrep =
s
4 +O(s
2) and
Im 2δrep = ηreps
6 +O(s7) , (A2)
because particle production starts with |M2→4|2 ∼ l12s .
In fact, the leading term in the probability of particle
production
Prep→n≥4 branons = 2ηreps6 +O(s7) , (A3)
is universal and can be computed using the leading order
expressions for M2→4 in [14]. Using the ansatz (A1)
in (7) and imposing (A2) we find
2δsym =
s
4
+ α2s
2 + α3s
3 +
(
α4 +
(D − 4)α22
2pi
log s
)
s4
+
(
α5 − (D − 4)α2β3
pi
log s
)
s5 (A4)
+
(
iηsym + α6 +
q log s
2pi(D − 2)
+
(D − 4)2α32
4pi2
log2 s
)
s6 +O
(
s7
)
,
2δanti =
s
4
− α2s2 + (α3 + 2β3)s3
−
(
α4 +
(D − 4)α22
2pi
log s
)
s4
+
(
α5 + 2β5 +
Dα2β3
pi
log s
)
s5 (A5)
+
(
iηanti − α6 + (D − 4)α
2
2
2
− q log s
2pi(D − 2) −
(D − 4)2α32
4pi2
log2 s
)
s6 +O
(
s7
)
,
and
2δsing =
s
4
− (D − 3)α2s2 + (α3 − (D − 2)β3)s3
− (D − 3)
(
α4 +
(D − 4)α22
2pi
log s
)
s4
+
(
α5 − (D − 2)β5 − D(D − 3)α2β3
pi
log s
)
s5 (A6)
+
(
iηsing +
(D − 3) ((D − 4)(D − 2)α22 − 12α6)
12
−q(D−3) log s
2pi(D−2) −
(D−4)2(D−3)α32
4pi2
log2 s
)
s6 +O
(
s7
)
.
where α2, α3, β3, α4, α5, β5, α6 are real parameters and
q ≡ 2ηsing−Dηsym+(D−2)(ηanti+2(D−4)α2α4+Dβ23).
Notice that the coefficient of the logs do not in-
volve extra free parameters. The non-linearly realized
Poincare´ symmetry fixes α2 =
D−26
384pi . On the other
hand, α3, β3, α4, α5, β5, α6 are non-universal parameters
related to K4, ∇2K4, ∇4K4 and ∇6K4 terms in the ef-
fective action (1). The universal coefficient of the s4 log s
terms agrees with the results of [15]. The terms of or-
der s5 and s6 are new. Notice that for D = 4 the first
non-analytic term is s5 log s and it is proportional to the
non-universal coefficient β3.
Appendix B: Schwarz-Pick
1. Maximum Modulus Principle
Holomorphic functions are equal to the average of their
neighbouring points,
f(z) =
∮
|w−z|=
dw
2pii
f(w)
z − w =
2pi∫
0
dθ
2pi
f(z + eiθ) , (B1)
and therefore can not have local maxima or minima in-
side any domain. All maxima or minima must be at the
boundary.
In particular, if a function’s modulus is bounded by 1
on a boundary of a connected domain and has no singu-
larities inside that domain then the function’s modulus
must be bounded by 1 everywhere inside the domain as
well. This is known as the maximum modulus principle.
92. Schwarz-Pick
Schwarz-Pick multi-point lemmas are simple but very
powerful extensions of the maximum modulus principle.
Consider a function f (0)(z) regular inside a unit disk
and bounded as |f (0)(z)||z|≤1 ≤ 1 everywhere. Out of it
construct a new function
f (1)(z) := ∆(1)[f ](z|w) ≡ f
(0)(z)− f (0)(w)
1− f (0)(z)f (0)(w)
/ z − w
1− zw
(B2)
where |w| < 1. Since w is strictly inside the disk, this
function has no singularities as can be easily checked.
Moreover, it is still bounded along the unit circle:
take z = eiφ, then the combination (z − w)/(1 − w¯z)
in eq. (B2) can be written as
z − w
1− w¯z =
1−wr cosφ−wi sinφ−i(wi cosφ−wr sinφ)
1−wr cosφ−wi sinφ+i(wi cosφ−wr sinφ) ,
(B3)
showing that it is a pure phase (the same happens
when we replace f (0)(z) with z). As such, by maxi-
mum modulus principle, it is bounded everywhere and
|f (1)(z)||z|≤1 ≤ 1, just like we had for the original func-
tion.
We could now go on constructing a new function f (2)
which would depend on a new parameter corresponding
to a new point w′ strictly inside the unit disk and so
on. Each of these new functions would again be bounded
everywhere inside the disk. This is the content of the
Schwarz-Pick multi-point lemmas [18].
There is a cute relation between these lemmas and
some AdS2 geometry: it is a well established fact in com-
plex analysis that analytic functions are either isometries
or contractions of the Poincare´ disk
d(h)(f(z), f(w)) ≤ d(h)(z, w) , (B4)
with d(h)(z, w)=2 tanh−1 |(z−w)/(1− zw¯)| the definition
of the hyperbolic distance. Eq. (B2) is known in the
mathematical literature as “hyperbolic quotient” and its
infinitesimal form
dhf
dhz
= f ′(z)
1− |z|2
1− |f(z)|2 , (B5)
is known as the hyperbolic derivative.
The isometries of the disc are given by the single CDD
zeros
f
(1)
CDD(z|z0) = eiα
z − z0
1− z¯0z , (B6)
and it is easy to check ∆(1)[f
(1)
CDD] is a pure phase. If we
consider a generic product of CDD zeros
f
(n)
CDD(z|z0, z1, . . . , zn−1) =
n−1∏
i=0
f
(1)
CDD(z|zi) , (B7)
a0
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FIG. 5. Allowed space for the first three Taylor coefficients
{a0, a1, a2} of analytic functions from disk to disk as derived
using the Schwarz-Pick lemmas.
then ∆(1)[f
(n)
CDD] ∼ f (n−1)CDD or equivalently ∆(n)[f (n)CDD]
is a pure phase. Of course, there are functions
like e(z−1)/(z+1) that, though saturating unitarity, are not
CDDs. Indeed they can be represented as infinite prod-
ucts of CDDs and they satisfy all the finite n Schwarz-
Pick inequalities, but we do not know any functional
bound saturated by those functions.
3. Application 1: expansion around the center of
the disk
As a first application let us consider a function defined
on the unit disk as a Taylor expansion of the form
f (0)(z) =
∞∑
n=0
anz
n, (B8)
and let us assume it is bounded within the unit disc
so |f (0)(z)||z|=1 ≤ 1. The simplest question one could ask
is: “what is its maximum/minimum value for z = 0?”.
The answer is given by the maximum modulus princi-
ple as explained above and it is |f (0)| = 1 or equiva-
lently |a0| ≤ 1. A slightly non-trivial question one could
then ask is: “given a value of a0, what are the bounds
on the derivative of the function at zero i.e. a1?” If
we construct ∆(1)[f (0)], or alternatively the hyperbolic
derivative and we require its boundeness we readily get
that |a1| ≤ 1−a20. It is easy to guess that applying ∆(2)
will give a bound on a2 as a function of a0 and a1
|a2| ≤ (a
2
0 − 1)2 + a21(2a0 − 1)
2(a20 − 1)
, (B9)
yielding the nice manifold in figure 5. We cannot plot
the higher order constraints but we can derive them an-
alytically. What we would get is an algebraic manifold
contained in the vector space of the Taylor expansion
coefficients where all the analytic functions on the unit
10
disc reside. In our language, this is the space of generic
massless S-matrices in 1 + 1 dimensions.
4. Application 2: expansion around the threshold
Let us now turn to the application of the above in-
equalities to f (0) the D = 3 flux-tube branon S-matrix
when z, w,w′, . . . are all close to 1. When translated back
to s, this limit corresponds to the very low energy re-
gion where we can relate the coefficients of the Taylor
expansion of f (0) to the effective field theory parameters.
Furthermore, we assume that the threshold is a regular
point, which is not the most general behavior for flux
tube S-matrices, but, as explained in appendix A, it is
true up to some high order in s.
For instance, if
f (0) = S = ei(γ1s+iγ2s
2+γ3s
3+iγ4s
4+γ5s
5+... ) , (B10)
and we take s = eiθ, with −pi ≤ θ ≤ pi, then the maxi-
mum modulus principle implies that
|f (0)|=1−2 sin θγ1+(2 sin2 θγ21−2 cos 2θγ2)2+O(3) ≤ 1.
(B11)
For generic θ this condition is equivalent to a positive
condition on γ1 ≥ 0. Since γ1 is related to the strength
of the tree-level interaction, we notice that in this sim-
ple framework the maximum modulus principle is equiv-
alent to the causality bound derived in [28]. Moreover,
at θ = 0 we don’t get any bound on γ1, but only on
γ2 ≥ 0. Notice that the maximum modulus principle for
θ = 0 is equivalent to unitarity. This is a general feature
of the parametrization we chose in eq. (B10) compatible
with crossing and real analyticity: odd powers are pure
phases, even powers contribute to inelasticity. Therefore,
we could set γ2n = 0 and focus only on the pure phase co-
efficients where unitarity has nothing to say about them.
To make contact with flux tube theories (11) we
set γ1 = 1/4. We map the upper half-plane to the unit
disk and taking first z → w and then 1−z = eiφ+O(2)
in the Schwarz-Pick lemma we are left with
1≥|f (1)| = 1−16 secφ γ2 +O(2)+. . . (B12)
If unitarity is saturated the first term vanishes. At the
next order
|f (1)| = 1− 1
12
2 cos2 φ(1 + 768γ3) +O(3) , (B13)
the term of O(2) must be negative leading to
γ3 ≥ − 1
768
. (B14)
Combining the constraint above with the one from uni-
tarity γ4 ≥ 0 at order 4 we get figure 6. Assuming
unitarity saturation, i.e. γ2n = 0, we can recursively gen-
erate new constraints on the higher derivative coefficients
Allowed
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FIG. 6. Allowed region in the {γ3, γ4} plane. The unitarity
vertical bound is saturated by the integrable S-matrix fam-
ily in (B17). The Schwarz-Pick bound would be saturated
by theories with a very small amount of particle production
localized at threshold for which we don’t have an analytic
ansatz. The corner at the intersection of the two bounds is
saturated by a known integrable theory describing the RG
flow from tricritical Ising fixed point to the free fermion.
using higher order multi-point lemmas – see also (16) and
figure 1.
If at some order inelasticity kicks in then the Schwarz-
Pick inequalities are not saturated and we no longer get
any sharp bounds.
As explained in the main text, figure 1 represents
the space of all integrable S-matrices compatible with
the D = 3 flux-tube universal low-energy behaviour 11.
Using the language introduced in this section we would
interpret its geometric features saying that the cusp sat-
urates ∆(1), the red edge ∆(2) and the surface ∆(3)
Schwarz-Pick constraints. For this reason, it is a the-
orem that the cusp S-matrix is given by a single CDD,
the red edge by products of two CDD and the orange
surface by products of three CDD factors
Ssurf =
(1+3z)(5+z(6+5z))γ˜3−256(z−1)3γ˜23+64γ˜5(z−1)2(3z+1)
(z+3)(5+z(6+5z))γ˜3+256(z−1)3γ˜23+64γ˜5(z−1)2(z+3)
(B15)
which for γ˜3 = 0 and γ˜5 = 0 reduces to
Scusp =
1 + 3z
z + 3
, (B16)
and saturating the second Scwharz-Pick inequality γ˜5 =
4γ˜23 − 1/64γ˜3 reduces to
Sedge =
1 + 4z + 3z2 + 128(z − 1)2γ˜3
3 + 4z + z2 + 128(z − 1)2γ˜3 . (B17)
whose resonance positions are shown in figure 7 in the
unit disk (to go to the s plane, use z = χ(s) = (4 +
is)/(4− is)).
Note that these resonances along the red edge of fig-
ure 1 can be separated into two possibilities – see also
11
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z=1
<latexit sha1_base64="jvXthqQHgS1UbzE2ZThHwFLCVqw=">AAAB93icbVBNS8NAFNz4Wet X1aOXxSJ4KokIehGKXjxWMG2hDWWzfa1LN5uw+yLU0N/gVU/exKs/x4P/xU3MQVvnNMy8x5s3YSKFQdf9dJaWV1bX1isb1c2t7Z3d2t5+28Sp5uDzWMa6GzIDUijwUaCEbqKBRaGETji5zv3OA2gjY nWH0wSCiI2VGAnO0Er+Y3Y58wa1uttwC9BF4pWkTkq0BrWv/jDmaQQKuWTG9Dw3wSBjGgWXMKv2UwMJ4xM2hp6likVggqwIO6PHqWEY0wQ0FZIWIvzeyFhkzDQK7WTE8N7Me7n4n9dLcXQRZEIlKYL i+SEUEopDhmthWwA6FBoQWZ4cqFCUM80QQQvKOLdiamup2j68+e8XSfu04Vl+e1ZvXpXNVMghOSInxCPnpEluSIv4hBNBnsgzeXGmzqvz5rz/jC455c4B+QPn4xtP6JMR</latexit><latexit sha1_base64="jvXthqQHgS1UbzE2ZThHwFLCVqw=">AAAB93icbVBNS8NAFNz4Wet X1aOXxSJ4KokIehGKXjxWMG2hDWWzfa1LN5uw+yLU0N/gVU/exKs/x4P/xU3MQVvnNMy8x5s3YSKFQdf9dJaWV1bX1isb1c2t7Z3d2t5+28Sp5uDzWMa6GzIDUijwUaCEbqKBRaGETji5zv3OA2gjY nWH0wSCiI2VGAnO0Er+Y3Y58wa1uttwC9BF4pWkTkq0BrWv/jDmaQQKuWTG9Dw3wSBjGgWXMKv2UwMJ4xM2hp6likVggqwIO6PHqWEY0wQ0FZIWIvzeyFhkzDQK7WTE8N7Me7n4n9dLcXQRZEIlKYL i+SEUEopDhmthWwA6FBoQWZ4cqFCUM80QQQvKOLdiamup2j68+e8XSfu04Vl+e1ZvXpXNVMghOSInxCPnpEluSIv4hBNBnsgzeXGmzqvz5rz/jC455c4B+QPn4xtP6JMR</latexit><latexit sha1_base64="jvXthqQHgS1UbzE2ZThHwFLCVqw=">AAAB93icbVBNS8NAFNz4Wet X1aOXxSJ4KokIehGKXjxWMG2hDWWzfa1LN5uw+yLU0N/gVU/exKs/x4P/xU3MQVvnNMy8x5s3YSKFQdf9dJaWV1bX1isb1c2t7Z3d2t5+28Sp5uDzWMa6GzIDUijwUaCEbqKBRaGETji5zv3OA2gjY nWH0wSCiI2VGAnO0Er+Y3Y58wa1uttwC9BF4pWkTkq0BrWv/jDmaQQKuWTG9Dw3wSBjGgWXMKv2UwMJ4xM2hp6likVggqwIO6PHqWEY0wQ0FZIWIvzeyFhkzDQK7WTE8N7Me7n4n9dLcXQRZEIlKYL i+SEUEopDhmthWwA6FBoQWZ4cqFCUM80QQQvKOLdiamup2j68+e8XSfu04Vl+e1ZvXpXNVMghOSInxCPnpEluSIv4hBNBnsgzeXGmzqvz5rz/jC455c4B+QPn4xtP6JMR</latexit><latexit sha1_base64="jvXthqQHgS1UbzE2ZThHwFLCVqw=">AAAB93icbVBNS8NAFNz4Wet X1aOXxSJ4KokIehGKXjxWMG2hDWWzfa1LN5uw+yLU0N/gVU/exKs/x4P/xU3MQVvnNMy8x5s3YSKFQdf9dJaWV1bX1isb1c2t7Z3d2t5+28Sp5uDzWMa6GzIDUijwUaCEbqKBRaGETji5zv3OA2gjY nWH0wSCiI2VGAnO0Er+Y3Y58wa1uttwC9BF4pWkTkq0BrWv/jDmaQQKuWTG9Dw3wSBjGgWXMKv2UwMJ4xM2hp6likVggqwIO6PHqWEY0wQ0FZIWIvzeyFhkzDQK7WTE8N7Me7n4n9dLcXQRZEIlKYL i+SEUEopDhmthWwA6FBoQWZ4cqFCUM80QQQvKOLdiamup2j68+e8XSfu04Vl+e1ZvXpXNVMghOSInxCPnpEluSIv4hBNBnsgzeXGmzqvz5rz/jC455c4B+QPn4xtP6JMR</latexit>
z= 1
<latexit s ha1_base64="m+o5cqH b4k6wbeMV8Be13fFNT bc=">AAAB+nicbVC7Ts NAEDzzDOEVoKQ5ESHRE NkICRqkCBrKIJGHlETR +bIJp5zP1t0aKRj/BC 1UdIiWn6HgXzgbF5Aw1 WhmVzs7fiSFQdf9dBYW l5ZXVktr5fWNza3tys 5uy4Sx5tDkoQx1x2cGp FDQRIESOpEGFvgS2v7k KvPb96CNCNUtTiPoB2y sxEhwhlbqPCQXaXKce oNK1a25Oeg88QpSJQUa g8pXbxjyOACFXDJjup4 bYT9hGgWXkJZ7sYGI8Q kbQ9dSxQIw/STPm9LD 2DAMaQSaCklzEX5vJCw wZhr4djJgeGdmvUz8z+ vGODrvJ0JFMYLi2SEU EvJDhmthiwA6FBoQWZY cqFCUM80QQQvKOLdibJ sp2z682e/nSeuk5ll+c 1qtXxbNlMg+OSBHxCN npE6uSYM0CSeSPJFn8u I8Oq/Om/P+M7rgFDt75 A+cj2+O8ZRU</latexi t><latexit s ha1_base64="m+o5cqH b4k6wbeMV8Be13fFNT bc=">AAAB+nicbVC7Ts NAEDzzDOEVoKQ5ESHRE NkICRqkCBrKIJGHlETR +bIJp5zP1t0aKRj/BC 1UdIiWn6HgXzgbF5Aw1 WhmVzs7fiSFQdf9dBYW l5ZXVktr5fWNza3tys 5uy4Sx5tDkoQx1x2cGp FDQRIESOpEGFvgS2v7k KvPb96CNCNUtTiPoB2y sxEhwhlbqPCQXaXKce oNK1a25Oeg88QpSJQUa g8pXbxjyOACFXDJjup4 bYT9hGgWXkJZ7sYGI8Q kbQ9dSxQIw/STPm9LD 2DAMaQSaCklzEX5vJCw wZhr4djJgeGdmvUz8z+ vGODrvJ0JFMYLi2SEU EvJDhmthiwA6FBoQWZY cqFCUM80QQQvKOLdibJ sp2z682e/nSeuk5ll+c 1qtXxbNlMg+OSBHxCN npE6uSYM0CSeSPJFn8u I8Oq/Om/P+M7rgFDt75 A+cj2+O8ZRU</latexi t><latexit s ha1_base64="m+o5cqH b4k6wbeMV8Be13fFNT bc=">AAAB+nicbVC7Ts NAEDzzDOEVoKQ5ESHRE NkICRqkCBrKIJGHlETR +bIJp5zP1t0aKRj/BC 1UdIiWn6HgXzgbF5Aw1 WhmVzs7fiSFQdf9dBYW l5ZXVktr5fWNza3tys 5uy4Sx5tDkoQx1x2cGp FDQRIESOpEGFvgS2v7k KvPb96CNCNUtTiPoB2y sxEhwhlbqPCQXaXKce oNK1a25Oeg88QpSJQUa g8pXbxjyOACFXDJjup4 bYT9hGgWXkJZ7sYGI8Q kbQ9dSxQIw/STPm9LD 2DAMaQSaCklzEX5vJCw wZhr4djJgeGdmvUz8z+ vGODrvJ0JFMYLi2SEU EvJDhmthiwA6FBoQWZY cqFCUM80QQQvKOLdibJ sp2z682e/nSeuk5ll+c 1qtXxbNlMg+OSBHxCN npE6uSYM0CSeSPJFn8u I8Oq/Om/P+M7rgFDt75 A+cj2+O8ZRU</latexi t><latexit s ha1_base64="m+o5cqH b4k6wbeMV8Be13fFNT bc=">AAAB+nicbVC7Ts NAEDzzDOEVoKQ5ESHRE NkICRqkCBrKIJGHlETR +bIJp5zP1t0aKRj/BC 1UdIiWn6HgXzgbF5Aw1 WhmVzs7fiSFQdf9dBYW l5ZXVktr5fWNza3tys 5uy4Sx5tDkoQx1x2cGp FDQRIESOpEGFvgS2v7k KvPb96CNCNUtTiPoB2y sxEhwhlbqPCQXaXKce oNK1a25Oeg88QpSJQUa g8pXbxjyOACFXDJjup4 bYT9hGgWXkJZ7sYGI8Q kbQ9dSxQIw/STPm9LD 2DAMaQSaCklzEX5vJCw wZhr4djJgeGdmvUz8z+ vGODrvJ0JFMYLi2SEU EvJDhmthiwA6FBoQWZY cqFCUM80QQQvKOLdibJ sp2z682e/nSeuk5ll+c 1qtXxbNlMg+OSBHxCN npE6uSYM0CSeSPJFn8u I8Oq/Om/P+M7rgFDt75 A+cj2+O8ZRU</latexi t>
z= 1
3
<latexit sha1_base64="Dwpo1nAsd82wmPIn1B26jU2 b9Pw=">AAACBnicbVC7TsNAEDyHVwgvE0qaExESDZENSNAgRdBQBok8pCSK1pdNOOX80N0aESz3fAUtVHSIlt+g4 F9wQgpImGo0s6udHS9S0pDjfFq5hcWl5ZX8amFtfWNzy94u1k0Ya4E1EapQNz0wqGSANZKksBlpBN9T2PCGl2O/c YfayDC4oVGEHR8GgexLAZRJXbv4kJynyWHa7msQiZsmx2nXLjllZwI+T9wpKbEpql37q90LRexjQEKBMS3XiaiTg CYpFKaFdmwwAjGEAbYyGoCPppNMsqd8PzZAIY9Qc6n4RMTfGwn4xox8L5v0gW7NrDcW//NaMfXPOokMopgwEONDJ BVODhmhZVYK8p7USATj5MhlwAVoIEItOQiRiXHWUiHrw539fp7Uj8puxq9PSpWLaTN5tsv22AFz2SmrsCtWZTUm2 D17Ys/sxXq0Xq036/1nNGdNd3bYH1gf3xL6mQQ=</latexit><latexit sha1_base64="Dwpo1nAsd82wmPIn1B26jU2 b9Pw=">AAACBnicbVC7TsNAEDyHVwgvE0qaExESDZENSNAgRdBQBok8pCSK1pdNOOX80N0aESz3fAUtVHSIlt+g4 F9wQgpImGo0s6udHS9S0pDjfFq5hcWl5ZX8amFtfWNzy94u1k0Ya4E1EapQNz0wqGSANZKksBlpBN9T2PCGl2O/c YfayDC4oVGEHR8GgexLAZRJXbv4kJynyWHa7msQiZsmx2nXLjllZwI+T9wpKbEpql37q90LRexjQEKBMS3XiaiTg CYpFKaFdmwwAjGEAbYyGoCPppNMsqd8PzZAIY9Qc6n4RMTfGwn4xox8L5v0gW7NrDcW//NaMfXPOokMopgwEONDJ BVODhmhZVYK8p7USATj5MhlwAVoIEItOQiRiXHWUiHrw539fp7Uj8puxq9PSpWLaTN5tsv22AFz2SmrsCtWZTUm2 D17Ys/sxXq0Xq036/1nNGdNd3bYH1gf3xL6mQQ=</latexit><latexit sha1_base64="Dwpo1nAsd82wmPIn1B26jU2 b9Pw=">AAACBnicbVC7TsNAEDyHVwgvE0qaExESDZENSNAgRdBQBok8pCSK1pdNOOX80N0aESz3fAUtVHSIlt+g4 F9wQgpImGo0s6udHS9S0pDjfFq5hcWl5ZX8amFtfWNzy94u1k0Ya4E1EapQNz0wqGSANZKksBlpBN9T2PCGl2O/c YfayDC4oVGEHR8GgexLAZRJXbv4kJynyWHa7msQiZsmx2nXLjllZwI+T9wpKbEpql37q90LRexjQEKBMS3XiaiTg CYpFKaFdmwwAjGEAbYyGoCPppNMsqd8PzZAIY9Qc6n4RMTfGwn4xox8L5v0gW7NrDcW//NaMfXPOokMopgwEONDJ BVODhmhZVYK8p7USATj5MhlwAVoIEItOQiRiXHWUiHrw539fp7Uj8puxq9PSpWLaTN5tsv22AFz2SmrsCtWZTUm2 D17Ys/sxXq0Xq036/1nNGdNd3bYH1gf3xL6mQQ=</latexit><latexit sha1_base64="Dwpo1nAsd82wmPIn1B26jU2 b9Pw=">AAACBnicbVC7TsNAEDyHVwgvE0qaExESDZENSNAgRdBQBok8pCSK1pdNOOX80N0aESz3fAUtVHSIlt+g4 F9wQgpImGo0s6udHS9S0pDjfFq5hcWl5ZX8amFtfWNzy94u1k0Ya4E1EapQNz0wqGSANZKksBlpBN9T2PCGl2O/c YfayDC4oVGEHR8GgexLAZRJXbv4kJynyWHa7msQiZsmx2nXLjllZwI+T9wpKbEpql37q90LRexjQEKBMS3XiaiTg CYpFKaFdmwwAjGEAbYyGoCPppNMsqd8PzZAIY9Qc6n4RMTfGwn4xox8L5v0gW7NrDcW//NaMfXPOokMopgwEONDJ BVODhmhZVYK8p7USATj5MhlwAVoIEItOQiRiXHWUiHrw539fp7Uj8puxq9PSpWLaTN5tsv22AFz2SmrsCtWZTUm2 D17Ys/sxXq0Xq036/1nNGdNd3bYH1gf3xL6mQQ=</latexit>
z= 3
5
<latexit sha1_base64="u ye62sIlCVPdqhViaS0w9CWGYXo=">AAACBnicbVC7TsN AEDyHVwgvE0qaExESDZHNQ9AgRdBQBok8pCSK1pdNOOX 80N0aESz3fAUtVHSIlt+g4F9wQgoITDWa2dXOjhcpach xPqzc3PzC4lJ+ubCyura+YW8W6yaMtcCaCFWomx4YVDL AGklS2Iw0gu8pbHjDi7HfuEVtZBhc0yjCjg+DQPalAMq krl28T87SZD9t9zWI5DBNjtOuXXLKzgT8L3GnpMSmqHb tz3YvFLGPAQkFxrRcJ6JOApqkUJgW2rHBCMQQBtjKaAA +mk4yyZ7y3dgAhTxCzaXiExF/biTgGzPyvWzSB7oxs95 Y/M9rxdQ/7SQyiGLCQIwPkVQ4OWSEllkpyHtSIxGMkyO XAReggQi15CBEJsZZS4WsD3f2+7+kflB2M351VKqcT5v Js222w/aYy05YhV2yKqsxwe7YI3tiz9aD9WK9Wm/fozl rurPFfsF6/wIZQJkI</latexit><latexit sha1_base64="u ye62sIlCVPdqhViaS0w9CWGYXo=">AAACBnicbVC7TsN AEDyHVwgvE0qaExESDZHNQ9AgRdBQBok8pCSK1pdNOOX 80N0aESz3fAUtVHSIlt+g4F9wQgoITDWa2dXOjhcpach xPqzc3PzC4lJ+ubCyura+YW8W6yaMtcCaCFWomx4YVDL AGklS2Iw0gu8pbHjDi7HfuEVtZBhc0yjCjg+DQPalAMq krl28T87SZD9t9zWI5DBNjtOuXXLKzgT8L3GnpMSmqHb tz3YvFLGPAQkFxrRcJ6JOApqkUJgW2rHBCMQQBtjKaAA +mk4yyZ7y3dgAhTxCzaXiExF/biTgGzPyvWzSB7oxs95 Y/M9rxdQ/7SQyiGLCQIwPkVQ4OWSEllkpyHtSIxGMkyO XAReggQi15CBEJsZZS4WsD3f2+7+kflB2M351VKqcT5v Js222w/aYy05YhV2yKqsxwe7YI3tiz9aD9WK9Wm/fozl rurPFfsF6/wIZQJkI</latexit><latexit sha1_base64="u ye62sIlCVPdqhViaS0w9CWGYXo=">AAACBnicbVC7TsN AEDyHVwgvE0qaExESDZHNQ9AgRdBQBok8pCSK1pdNOOX 80N0aESz3fAUtVHSIlt+g4F9wQgoITDWa2dXOjhcpach xPqzc3PzC4lJ+ubCyura+YW8W6yaMtcCaCFWomx4YVDL AGklS2Iw0gu8pbHjDi7HfuEVtZBhc0yjCjg+DQPalAMq krl28T87SZD9t9zWI5DBNjtOuXXLKzgT8L3GnpMSmqHb tz3YvFLGPAQkFxrRcJ6JOApqkUJgW2rHBCMQQBtjKaAA +mk4yyZ7y3dgAhTxCzaXiExF/biTgGzPyvWzSB7oxs95 Y/M9rxdQ/7SQyiGLCQIwPkVQ4OWSEllkpyHtSIxGMkyO XAReggQi15CBEJsZZS4WsD3f2+7+kflB2M351VKqcT5v Js222w/aYy05YhV2yKqsxwe7YI3tiz9aD9WK9Wm/fozl rurPFfsF6/wIZQJkI</latexit><latexit sha1_base64="u ye62sIlCVPdqhViaS0w9CWGYXo=">AAACBnicbVC7TsN AEDyHVwgvE0qaExESDZHNQ9AgRdBQBok8pCSK1pdNOOX 80N0aESz3fAUtVHSIlt+g4F9wQgoITDWa2dXOjhcpach xPqzc3PzC4lJ+ubCyura+YW8W6yaMtcCaCFWomx4YVDL AGklS2Iw0gu8pbHjDi7HfuEVtZBhc0yjCjg+DQPalAMq krl28T87SZD9t9zWI5DBNjtOuXXLKzgT8L3GnpMSmqHb tz3YvFLGPAQkFxrRcJ6JOApqkUJgW2rHBCMQQBtjKaAA +mk4yyZ7y3dgAhTxCzaXiExF/biTgGzPyvWzSB7oxs95 Y/M9rxdQ/7SQyiGLCQIwPkVQ4OWSEllkpyHtSIxGMkyO XAReggQi15CBEJsZZS4WsD3f2+7+kflB2M351VKqcT5v Js222w/aYy05YhV2yKqsxwe7YI3tiz9aD9WK9Wm/fozl rurPFfsF6/wIZQJkI</latexit>
 ˜3=
1
1024
<latexit sha1_base64="IZr/ulTXN/w v9K9U9xnQE458Yaw=">AAACE3icbVA9SwNBEN3zM8avqKWFi0GwCncqaCMEbSwVj BFyIcxtJnHJ7t2xOyfIcaU/wV9hq5Wd2PoDLPwvbmIKNb7q8d4MM+9FqZKWfP/Dm5 qemZ2bLy2UF5eWV1Yra+tXNsmMwIZIVGKuI7CoZIwNkqTwOjUIOlLYjAanQ795i8 bKJL6kuxTbGvqx7EkB5KROZSskqboY9kFr6Oznx0XYMyDyoMgDf++g6FSqfs0fgU+ SYEyqbIzzTuUz7CYi0xiTUGBtK/BTaudgSAqFRTnMLKYgBtDHlqMxaLTtfBSk4Du ZBUp4ioZLxUci/tzIQVt7pyM3qYFu7F9vKP7ntTLqHbVzGacZYSyGh1xsHB2ywkj XEPKuNEgEw8+Ry5gLMECERnIQwomZq6zs+gj+pp8kV3u1wPGLg2r9ZNxMiW2ybbbL AnbI6uyMnbMGE+yePbIn9uw9eC/eq/f2PTrljXc22C94718s853a</latexit><latexit sha1_base64="IZr/ulTXN/w v9K9U9xnQE458Yaw=">AAACE3icbVA9SwNBEN3zM8avqKWFi0GwCncqaCMEbSwVj BFyIcxtJnHJ7t2xOyfIcaU/wV9hq5Wd2PoDLPwvbmIKNb7q8d4MM+9FqZKWfP/Dm5 qemZ2bLy2UF5eWV1Yra+tXNsmMwIZIVGKuI7CoZIwNkqTwOjUIOlLYjAanQ795i8 bKJL6kuxTbGvqx7EkB5KROZSskqboY9kFr6Oznx0XYMyDyoMgDf++g6FSqfs0fgU+ SYEyqbIzzTuUz7CYi0xiTUGBtK/BTaudgSAqFRTnMLKYgBtDHlqMxaLTtfBSk4Du ZBUp4ioZLxUci/tzIQVt7pyM3qYFu7F9vKP7ntTLqHbVzGacZYSyGh1xsHB2ywkj XEPKuNEgEw8+Ry5gLMECERnIQwomZq6zs+gj+pp8kV3u1wPGLg2r9ZNxMiW2ybbbL AnbI6uyMnbMGE+yePbIn9uw9eC/eq/f2PTrljXc22C94718s853a</latexit><latexit sha1_base64="IZr/ulTXN/w v9K9U9xnQE458Yaw=">AAACE3icbVA9SwNBEN3zM8avqKWFi0GwCncqaCMEbSwVj BFyIcxtJnHJ7t2xOyfIcaU/wV9hq5Wd2PoDLPwvbmIKNb7q8d4MM+9FqZKWfP/Dm5 qemZ2bLy2UF5eWV1Yra+tXNsmMwIZIVGKuI7CoZIwNkqTwOjUIOlLYjAanQ795i8 bKJL6kuxTbGvqx7EkB5KROZSskqboY9kFr6Oznx0XYMyDyoMgDf++g6FSqfs0fgU+ SYEyqbIzzTuUz7CYi0xiTUGBtK/BTaudgSAqFRTnMLKYgBtDHlqMxaLTtfBSk4Du ZBUp4ioZLxUci/tzIQVt7pyM3qYFu7F9vKP7ntTLqHbVzGacZYSyGh1xsHB2ywkj XEPKuNEgEw8+Ry5gLMECERnIQwomZq6zs+gj+pp8kV3u1wPGLg2r9ZNxMiW2ybbbL AnbI6uyMnbMGE+yePbIn9uw9eC/eq/f2PTrljXc22C94718s853a</latexit><latexit sha1_base64="IZr/ulTXN/w v9K9U9xnQE458Yaw=">AAACE3icbVA9SwNBEN3zM8avqKWFi0GwCncqaCMEbSwVj BFyIcxtJnHJ7t2xOyfIcaU/wV9hq5Wd2PoDLPwvbmIKNb7q8d4MM+9FqZKWfP/Dm5 qemZ2bLy2UF5eWV1Yra+tXNsmMwIZIVGKuI7CoZIwNkqTwOjUIOlLYjAanQ795i8 bKJL6kuxTbGvqx7EkB5KROZSskqboY9kFr6Oznx0XYMyDyoMgDf++g6FSqfs0fgU+ SYEyqbIzzTuUz7CYi0xiTUGBtK/BTaudgSAqFRTnMLKYgBtDHlqMxaLTtfBSk4Du ZBUp4ioZLxUci/tzIQVt7pyM3qYFu7F9vKP7ntTLqHbVzGacZYSyGh1xsHB2ywkj XEPKuNEgEw8+Ry5gLMECERnIQwomZq6zs+gj+pp8kV3u1wPGLg2r9ZNxMiW2ybbbL AnbI6uyMnbMGE+yePbIn9uw9eC/eq/f2PTrljXc22C94718s853a</latexit>
FIG. 7. Resonance positions as we move along the red edge of
figure 1: At the cusp we have a virtual state at χ = −1/3 (or
s = 8i) and the S-matrix can be identified with the goldstino
S-matrix of Zamolodchikov [26]. As we move away from the
cusp another zero comes in from i∞; eventually the two zeros
collide at s = 16i and move away acquiring a real part; in this
region they become closer and closer to more conventional
sharp resonances until they eventually collide with the s =
t = 0 threshold.
figure 7: they can both be at purely imaginary s (or real
χ) or they can be in a pair, symmetric with respect to
reflections on the imaginary axis (i.e. given by a complex
conjugate pair in χ). These two possibilities are sepa-
rated by a “collision”, represented by the green cross in
figure 7. At that point, the two zeros collide and the
S-matrix simply becomes a perfect square with a double
zero. This happens at some point along the red edge of
the three dimensional figure 1.
In the same figure we have the S-matrices on the orange
surface, given by (B15) which have three zeros and again,
there is a point on that surface where the three collide.
The corresponding S-matrix at that point has a triple
zero. Together with the black cusp in figure 1 which
was given by a single CDD factor, we see that we have a
family of three S-matrices
Sn = (−1)n
(
s− 8i n
s+ 8i n
)n
(B18)
with n = 1, 2, 3 which we can single out as somehow
special. We can connect them by a triangle as represented
in figure 8. The region inside the triangle is compact, in
contrast to the infinite orange surface in figure 1; it is
defined by the condition that all zeros there are purely
real (in χ). Again, let us stress that n = 1 is related to a
cusp, n = 2 to an edge and n = 3 to a face.
There is a clear higher dimensional generalization we
could make here if we stick to the family of purely elas-
tic S-matrices that saturate unitarity and therefore have
γ2n = 0. If we further add γ9 to our analysis, for example,
we would now have a four dimensional space and the tri-
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inside the triangle: 

3 real zeros
outside the triangle: 

1 real zero + 2 conjugates
Scusp(s) ⌘ S1
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FIG. 8. The triangular area depicted in orange represents the
face in the allowed {γ˜3, γ˜5} region where the three zeros of the
S-matrix are real. The three edges of the triangle correspond,
respectively, to one single CDD S1, a double CDD S2, and
a triple CDD zero S3. The red edge between S1 and S2 is
the projection of a finite arc of the red edge in fig. 1 and
correspond to two real distinct CDD zeros. All the S-matrices
on the orange edges contain at the same time a double and
a single CDD zero. Finally, the interior of the triangle has
three CDD zeros all distinct. The unlabeled black dots are the
projections of the higher order zeros in (B18) which converge
to eis/4.
angle would be the base of a tetrahedron with the fourth
new vertex corresponding to an S-matrix S4 correspond-
ing to the collision of four zeros. Inside the tetrahedron
all zeros would be real (in χ). This is schematically rep-
resented in figure 9. The tetrahedron itself would be the
base for a 4 dimensional polyhedra with an extra cusp
S5 (schematically, this is where the dashed purple lines
in the figure would meet – of course we can only draw
their three-dimensional projections). This would go on
thus defining a sequence of S-matrices given by (B18) for
any n ≥ 1.
So we could ask whether this sequence of vertices in
this infinite dimensional space of polyhedra would con-
verge towards anything interesting. Indeed, beautifully,
we have
lim
n→∞Sn = e
is/4 (B19)
the famous integrable flux tube S-matrix [3, 11]. In prac-
tice, already for n = 3 on the orange surface we would be
very close to eis/4 for most values of s. At higher energies
we would see deviations. The higher n is in (B18), the
larger is the range in s where the S-matrix is indistin-
guishable from the integrable flux tube S-matrix.
Appendix C: Yang-Baxter equation and analytic
solution
For massless S-matrices with O(N) symmetry, the
Yang-Baxter equation takes the form:
Scb2a2a3(θ23)S
b3b1
a1c (θ13) = S
cb1
a1a3(θ13)S
b3b2
a2c (θ23) , (C1)
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S1
<latexit sha1_base64= "u3j6468rG5uGf63rmJgnCA0bnks=">AAAB9Xicb VC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIQ8psa LzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4WxcQMJUo5 ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRL Noc0jGelewAxIoaCNAiX0Yg0sDCR0g+l15ncfQBs RqTucxeCHbKLEWHCGVmq1ht6wWnPrbg66TLyC1EiB 5rD6NRhFPAlBIZfMmL7nxuinTKPgEuaVQWIgZnzK JtC3VLEQjJ/mUef0JDEMIxqDpkLSXITfGykLjZmFg Z0MGd6bRS8T//P6CY4v/VSoOEFQPDuEQkJ+yHAtb AdAR0IDIsuSAxWKcqYZImhBGedWTGwpFduHt/j9Mu mc1T3Lb89rjauimTI5IsfklHjkgjTIDWmSNuFkQp 7IM3lxHp1X5815/xktOcXOIfkD5+MbeESSAA==</l atexit><latexit sha1_base64= "u3j6468rG5uGf63rmJgnCA0bnks=">AAAB9Xicb VC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIQ8psa LzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4WxcQMJUo5 ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRL Noc0jGelewAxIoaCNAiX0Yg0sDCR0g+l15ncfQBs RqTucxeCHbKLEWHCGVmq1ht6wWnPrbg66TLyC1EiB 5rD6NRhFPAlBIZfMmL7nxuinTKPgEuaVQWIgZnzK JtC3VLEQjJ/mUef0JDEMIxqDpkLSXITfGykLjZmFg Z0MGd6bRS8T//P6CY4v/VSoOEFQPDuEQkJ+yHAtb AdAR0IDIsuSAxWKcqYZImhBGedWTGwpFduHt/j9Mu mc1T3Lb89rjauimTI5IsfklHjkgjTIDWmSNuFkQp 7IM3lxHp1X5815/xktOcXOIfkD5+MbeESSAA==</l atexit><latexit sha1_base64= "u3j6468rG5uGf63rmJgnCA0bnks=">AAAB9Xicb VC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIQ8psa LzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4WxcQMJUo5 ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRL Noc0jGelewAxIoaCNAiX0Yg0sDCR0g+l15ncfQBs RqTucxeCHbKLEWHCGVmq1ht6wWnPrbg66TLyC1EiB 5rD6NRhFPAlBIZfMmL7nxuinTKPgEuaVQWIgZnzK JtC3VLEQjJ/mUef0JDEMIxqDpkLSXITfGykLjZmFg Z0MGd6bRS8T//P6CY4v/VSoOEFQPDuEQkJ+yHAtb AdAR0IDIsuSAxWKcqYZImhBGedWTGwpFduHt/j9Mu mc1T3Lb89rjauimTI5IsfklHjkgjTIDWmSNuFkQp 7IM3lxHp1X5815/xktOcXOIfkD5+MbeESSAA==</l atexit><latexit sha1_base64= "u3j6468rG5uGf63rmJgnCA0bnks=">AAAB9Xicb VC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIQ8psa LzZRNOOZ+tuzUosvIJtFDRIVq+h4J/4WxcQMJUo5 ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiRL Noc0jGelewAxIoaCNAiX0Yg0sDCR0g+l15ncfQBs RqTucxeCHbKLEWHCGVmq1ht6wWnPrbg66TLyC1EiB 5rD6NRhFPAlBIZfMmL7nxuinTKPgEuaVQWIgZnzK JtC3VLEQjJ/mUef0JDEMIxqDpkLSXITfGykLjZmFg Z0MGd6bRS8T//P6CY4v/VSoOEFQPDuEQkJ+yHAtb AdAR0IDIsuSAxWKcqYZImhBGedWTGwpFduHt/j9Mu mc1T3Lb89rjauimTI5IsfklHjkgjTIDWmSNuFkQp 7IM3lxHp1X5815/xktOcXOIfkD5+MbeESSAA==</l atexit>
S2
<latexit sha1_base64="6aQKaxd457c4scxKv ijVA3fuLyw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045Xy27ta gyMon0EJFh2j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR 7ATMghYIOCpTQizWwMJBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0Bp WvwajiCchKOSSGdP33Bj9lGkUXMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTG zMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeHUEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL 78Ba/XybdRt2z/Oas1rwsmimTI3JMTolHzkmTXJMW6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6 +AXnTkgE=</latexit><latexit sha1_base64="6aQKaxd457c4scxKv ijVA3fuLyw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045Xy27ta gyMon0EJFh2j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR 7ATMghYIOCpTQizWwMJBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0Bp WvwajiCchKOSSGdP33Bj9lGkUXMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTG zMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeHUEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL 78Ba/XybdRt2z/Oas1rwsmimTI3JMTolHzkmTXJMW6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6 +AXnTkgE=</latexit><latexit sha1_base64="6aQKaxd457c4scxKv ijVA3fuLyw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045Xy27ta gyMon0EJFh2j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR 7ATMghYIOCpTQizWwMJBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0Bp WvwajiCchKOSSGdP33Bj9lGkUXMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTG zMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeHUEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL 78Ba/XybdRt2z/Oas1rwsmimTI3JMTolHzkmTXJMW6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6 +AXnTkgE=</latexit><latexit sha1_base64="6aQKaxd457c4scxKv ijVA3fuLyw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjJCgjaCiDQkKkxIrOl0045Xy27ta gyMon0EJFh2j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR 7ATMghYIOCpTQizWwMJBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0Bp WvwajiCchKOSSGdP33Bj9lGkUXMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTG zMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeHUEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL 78Ba/XybdRt2z/Oas1rwsmimTI3JMTolHzkmTXJMW6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6 +AXnTkgE=</latexit>
S3
<latexit sha1_base64="bFW1bi7/6GFZn7Hn/Ks vnNF+2IQ=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTYgQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxU douV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRur IGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3m4GxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/R TplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUn CAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMMEbSgjHMrJraUsu3Dm/9+kbRPa57lt+fV+lXRTIkckiNyQj xyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+Mbe2KSAg==</latexit><latexit sha1_base64="bFW1bi7/6GFZn7Hn/Ks vnNF+2IQ=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTYgQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxU douV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRur IGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3m4GxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/R TplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUn CAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMMEbSgjHMrJraUsu3Dm/9+kbRPa57lt+fV+lXRTIkckiNyQj xyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+Mbe2KSAg==</latexit><latexit sha1_base64="bFW1bi7/6GFZn7Hn/Ks vnNF+2IQ=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTYgQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxU douV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRur IGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3m4GxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/R TplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUn CAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMMEbSgjHMrJraUsu3Dm/9+kbRPa57lt+fV+lXRTIkckiNyQj xyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+Mbe2KSAg==</latexit><latexit sha1_base64="bFW1bi7/6GFZn7Hn/Ks vnNF+2IQ=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTYgQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxU douV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRur IGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3m4GxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/R TplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUn CAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMMEbSgjHMrJraUsu3Dm/9+kbRPa57lt+fV+lXRTIkckiNyQj xyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+Mbe2KSAg==</latexit>
S4
<latexit sha1_base64="U0gwoZfOOJwcP2haViLc HP/XXVk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDQkKkxIrOl0045Xy27tagyMon0EJFh2 j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR7ATMghYIOCpTQizWwM JBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0BpWvwajiCchKOSSGdP33Bj9lGkU XMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTGzMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeH UEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL78Ba/Xybds7pn+U2j1rwsmimTI3JMTolHzkmTXJM W6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6+AXzxkgM=</latexit><latexit sha1_base64="U0gwoZfOOJwcP2haViLc HP/XXVk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDQkKkxIrOl0045Xy27tagyMon0EJFh2 j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR7ATMghYIOCpTQizWwM JBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0BpWvwajiCchKOSSGdP33Bj9lGkU XMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTGzMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeH UEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL78Ba/Xybds7pn+U2j1rwsmimTI3JMTolHzkmTXJM W6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6+AXzxkgM=</latexit><latexit sha1_base64="U0gwoZfOOJwcP2haViLc HP/XXVk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDQkKkxIrOl0045Xy27tagyMon0EJFh2 j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR7ATMghYIOCpTQizWwM JBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0BpWvwajiCchKOSSGdP33Bj9lGkU XMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTGzMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeH UEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL78Ba/Xybds7pn+U2j1rwsmimTI3JMTolHzkmTXJM W6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6+AXzxkgM=</latexit><latexit sha1_base64="U0gwoZfOOJwcP2haViLc HP/XXVk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRJCgjaCiDQkKkxIrOl0045Xy27tagyMon0EJFh2 j5Hgr+hbNxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6Jko0hw6PZKR7ATMghYIOCpTQizWwM JBwF0yvMv/uAbQRkbrFWQx+yCZKjAVnaKV2e9gYVmtu3c1Bl4lXkBop0BpWvwajiCchKOSSGdP33Bj9lGkU XMK8MkgMxIxP2QT6lioWgvHTPOqcniSGYURj0FRImovweyNloTGzMLCTIcN7s+hl4n9eP8HxhZ8KFScIimeH UEjIDxmuhe0A6EhoQGRZcqBCUc40QwQtKOPcioktpWL78Ba/Xybds7pn+U2j1rwsmimTI3JMTolHzkmTXJM W6RBOJuSJPJMX59F5dd6c95/RklPsHJI/cD6+AXzxkgM=</latexit>
S5
<latexit sha1_base64="PS+Sel0Y/L07XJimBAq2PWU5KX0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5E SFRRTYCQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3 m4HxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/RTplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUnCAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMME bSgjHMrJraUsu3Dm/9+kbRPa57lt2fV+lXRTIkckiNyQjxyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+MbfoCSBA==</latexit><latexit sha1_base64="PS+Sel0Y/L07XJimBAq2PWU5KX0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5E SFRRTYCQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3 m4HxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/RTplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUnCAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMME bSgjHMrJraUsu3Dm/9+kbRPa57lt2fV+lXRTIkckiNyQjxyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+MbfoCSBA==</latexit><latexit sha1_base64="PS+Sel0Y/L07XJimBAq2PWU5KX0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5E SFRRTYCQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3 m4HxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/RTplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUnCAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMME bSgjHMrJraUsu3Dm/9+kbRPa57lt2fV+lXRTIkckiNyQjxyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+MbfoCSBA==</latexit><latexit sha1_base64="PS+Sel0Y/L07XJimBAq2PWU5KX0=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5E SFRRTYCQRlBQxkU8pASKzpfNuGU89m6W4MiK59ACxUdouV7KPgXzsYFJEw1mtnVzk4QS2HQdT+dpeWV1bX10kZ5c2t7Z7eyt982UaI5tHgkI90NmAEpFLRQoIRurIGFgYROMLnO/M4DaCMidYfTGPyQjZUYCc7QSs3 m4HxQqbo1NwddJF5BqqRAY1D56g8jnoSgkEtmTM9zY/RTplFwCbNyPzEQMz5hY+hZqlgIxk/zqDN6nBiGEY1BUyFpLsLvjZSFxkzDwE6GDO/NvJeJ/3m9BEeXfipUnCAonh1CISE/ZLgWtgOgQ6EBkWXJgQpFOdMME bSgjHMrJraUsu3Dm/9+kbRPa57lt2fV+lXRTIkckiNyQjxyQerkhjRIi3AyJk/kmbw4j86r8+a8/4wuOcXOAfkD5+MbfoCSBA==</latexit>
FIG. 9. Schematic representation of the compact region in
the allowed {γ˜3, γ˜5, γ˜7} space where all the zeros are purely
real. In the interior of the tetrahedron there are 4 distinct
CDD zeros. As we hit one of the faces two things can hap-
pen: two zeros collide becoming a double zero or, as in the
case of the orange face (the same shown in figure 8), one
zero goes at infinity. The purple dotted lines are the three-
dimensional projections of the edges of the hyper-tetrahedron
in the allowed {γ˜3, γ˜5, γ˜7, γ˜9} space: every time we add an
extra dimension a higher multiplicity zero cusp appears. Ex-
trapolating to n→∞ we encounter the eis/4 cusp.
where θ is the rapidity defined by pL = − exp(−θ) for
left-movers and pR = exp(θ) for right-movers and θij ≡
θi − θj .
In terms of the amplitudes defined by the equation 5,
this implies the condition σ1 = σ3 = 0 for N > 2. How-
ever for N = 2, we have the following relaxed condition:
σ3(s) = −σ1(s) . (C2)
This is the case for flux tubes in 4 dimensions, where the
remnant symmetry of the goldstone bosons is O(2). In
terms of the isospin amplitudes, this implies that σsing =
σanti = σ1 + σ2 and σsym = σ2 − σ1. Moreover, we can
make use of the crossing and analyticity relations (10) to
deduce that
σsym(−s∗) = σsing(s)∗ = σanti(s)∗ . (C3)
The symmetric channel S-matrix is bounded by 1 for any
s ∈ R, hence (C3) now implies that the antisymmetric
and the singlet channel amplitudes are also bounded by 1
for s ∈ R. Under the assumption of integrability, these
inequalities are saturated and the isospin amplitudes are
a product of CDDs.8 We therefore consider the following
8 Any holomorphic function f(z) from the upper half plane H to
the unit disc D that satisfies |f(z)| = 1 for z ∈ R must be a
product of CDDs.
simple ansatz for the solution that satisfies Yang-Baxter:
σsym =
(s− a)a∗
(s− a∗)a
σsing = σanti =
(s+ a∗)a
(s+ a)a∗
(C4)
where we have used (C3) to relate the CDD zeroes in
the 3 channels. To find the location of the zero a, we
expand the above ansatz at s = 0 and match with the
low energy expansion (2) and we find a = 8/(32α2 − i).
We can also read of the following relation between the α2
and α3 coefficients
α3 = − 1
768
+ 4α22 . (C5)
Substituting α2 = − 22384pi , we get a ≈ −3.5 + i6.0 and
α3 = − 1
768
+
121
9216pi2
, (C6)
which saturates the Schwarz-Pick bound (16).
Appendix D: Numerics
For numerics we parametrize smooth S-matrices as
Taylor expansions on the upper half plane or – mapped
to the unit disk – as
σ1(χ) =
Nmax∑
n=0
(an + ibn)χ
n
σ2(χ) =
Nmax∑
n=0
cnχ
n
σ3(χ) =
Nmax∑
n=0
(an − ibn)χn (D1)
where real analyticity simply amounts to the statement
that the coefficients {an, bn, cn} are real and the χ map
was defined in figure 2. Given a set {an, bn, cn} we can
simply expand the amplitudes close to s = 0 (or χ = 1)
to read off the threshold parameters (2).
As mentioned in the main text, the isospin amplitudes
diagonalise unitarity constraints and in the χ disc we
have:
|σrep(eiθ)| ≤ 1 , ∀ θ ∈ [0, pi] . (D2)
This is easily imposed as a semi definite constraint: We
first divide the range of θ into a grid, and then for a
given point on the grid and for each one of the isospin
amplitudes, eq. (D2) is the same as the condition
U ≡
(
1 +R I
I 1−R
)
 0 . (D3)
where R = Re(σrep(eiθ)) and I = Im(σrep(eiθ)).
Experimentally, we find that a Chebyshev grid of
points gives the best results and a grid size of around 200
points is sufficient for Nmax all the way up to 100.
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Schwarz-Pick
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FIG. 10. Allowed region in the generic {α2, β3, α3} parame-
ter space compatible with D = 4 flux tube S-matrices. The
light blue surface is given by the Schwarz-Pick bound in the
symmetric channel; the orange surface by the numerics. They
are tangent along the line β3 = 0 (in red) where the S-matrix
satisfy Yang-Baxter and is given in appendix C. The black
dashed line denotes the flux-tube α2 as predicted by the 1-
loop universal 2→ 2 scattering.
1. The space of S-matrices compatible with D = 4
flux tubes universality
In section II C we fixed α2 to be the universal value
predicted by non-linearly realized Poincare´ as for flux
tube theories. From a general S-matrix perspective it
is a legitimate question to first ask about the allowed
space of {α2, β3, α3} parameters and look for any struc-
ture pointing to the physical section at fixed α2. So, the
question we ask is: “what is the minimum of α3 at fixed
α2 and β3?”
The answer is shown in figure 10. The orange sur-
face is the numerical minimum bound, the blue surface
is the Schwarz-Pick analytic bound (C5) and the red line
is their intersection. The black dashed line denotes the
physical section at fixed α2 = − 22384pi . There is no sign
along this general boundary that any value of α2 plays
a special role, except perhaps, α2 = 0: it seems that at
fixed α2 > 0 there is a cusp for β3 = 0 that becomes
smooth as we go to α2 < 0. We do not know the reason
for this, since we did not fully explore the features of the
S-matrices saturating this minimal surface in general. It
would be nice to perform a detailed analysis in the future.
The red line at β3 = 0, as explained in Appendix C, is
saturated by S-matrices satisfying Yang-Baxter and we
have analytic solutions for them, see eq. (C4).
2. Resonances along the boundary at the physical
values of α2.
In figure 11 we plot the phase of each irrep chan-
nel as a function of the momenta – in solid/dashed
2 singlet
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FIG. 11. The phase shifts respectively in the symmetric, anti-
symmetric and singlet channel at the SU(3) point (solid line)
and SU(5) point (dashed line).
the SU(3)/SU(5) point S-matrix. These graphs show
nice phase-shifts that are characteristic of resonance be-
haviour. Such phase-shifts are generated by zeros in the
complex s-plane, see ref. [31] for a discussion. Measuring
zeros in the complex energy plane from experimental or
lattice MC data is not an easy task and in general one
needs to use dispersive methods to analytically continue
the real data to the complex plane; a procedure often
plagued by numerical instabilities. Fortunately, we have
the full S-matrix in the physical upper half s-plane (or
the χ unit disk) and thus we can easily identify the zeros
corresponding to the phase-shifts of figure 11.
For the flux tube value α2 = − 22384pi , there is a unique
S-matrix at each boundary point of the {β3, α3} space
shown in figure 3. In figure 12 we show the position of the
resonances for the S-matrices in a section of the bound-
ary. The SU(3)/SU(5) benchmark points in the table of
sec. IV are denoted with a circle/diamond. The trian-
gle signals the resonances at the integrable point β3 = 0.
Note that the symmetry β3 ↔ −β3 of the crossing equa-
tions introduced in the main text is now visible in the
symmetric positions of the resonances in the singlet and
antisymmetric channels. The symmetron resonance is in-
variant under β3 ↔ −β3, hence we only show β3 > 0.
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<latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa 2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcHdyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTT xVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4 xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQXGtD03pm4KmqRQmBU7icEYx B0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRT C5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z3TBme 7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa 2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcHdyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTT xVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4 xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQXGtD03pm4KmqRQmBU7icEYx B0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRT C5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z3TBme 7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa 2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcHdyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTT xVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4 xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQXGtD03pm4KmqRQmBU7icEYx B0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRT C5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z3TBme 7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa 2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcHdyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTT xVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4 xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQXGtD03pm4KmqRQmBU7icEYx B0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRT C5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z3TBme 7ssT9wPr4BMAydCA==</latexit>
axion*
<latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0 =">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3 DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsS QFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqkUFhU2pnBFMQA+tiyNIYIT ZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEM KKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nTw=</ latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0 =">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3 DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsS QFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqkUFhU2pnBFMQA+tiyNIYIT ZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEM KKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nTw=</ latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0 =">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3 DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsS QFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqkUFhU2pnBFMQA+tiyNIYIT ZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEM KKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nTw=</ latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0 =">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3 DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsS QFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqkUFhU2pnBFMQA+tiyNIYIT ZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEM KKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nTw=</ latexit>
dilaton
<latexit sha1_base64="59 1SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFH V4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqnKc22LVcSL7BlFF GfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeW V1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0 cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2Q awryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55Go JBLZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqN jaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKk kRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNb V9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJN w8kCeyDN5cR6dV+fNef8ZXXJmOwfkD5yPb84Rneg=</lat exit><latexit sha1_base64="59 1SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFH V4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqnKc22LVcSL7BlFF GfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeW V1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0 cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2Q awryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55Go JBLZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqN jaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKk kRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNb V9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJN w8kCeyDN5cR6dV+fNef8ZXXJmOwfkD5yPb84Rneg=</lat exit><latexit sha1_base64="59 1SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFH V4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqnKc22LVcSL7BlFF GfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeW V1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0 cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2Q awryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55Go JBLZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqN jaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKk kRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNb V9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJN w8kCeyDN5cR6dV+fNef8ZXXJmOwfkD5yPb84Rneg=</lat exit><latexit sha1_base64="59 1SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFH V4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqnKc22LVcSL7BlFF GfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeW V1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0 cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2Q awryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55Go JBLZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqN jaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKk kRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNb V9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJN w8kCeyDN5cR6dV+fNef8ZXXJmOwfkD5yPb84Rneg=</lat exit>
dilaton*
<latexit sha1 _base64="qE7agtqj9HBEqm02 Lh5vMjGYTRM=">AAACEHicbVC 7TsMwFHXKq5RXgBEGiwoJMVQJ QoKxgoWxSPQhtVXluLfFquNE9 g2iirLwCXwFK0xsiJU/YOBfcE MHaDnT0Tn3+lyfIJbCoOd9OoW FxaXlleJqaW19Y3PL3d5pmCj RHOo8kpFuBcyAFArqKFBCK9bA wkBCMxhdTvzmHWgjInWD4xi6I RsqMRCcoZV67n7ayR9JNfSzDs I9pn0hGUbqOMt6btmreDnoPPG npEymqPXcr04/4kkICrlkxrR9 L8ZuyjQKLiErdRIDMeMjNoS2p YqFYLppfkBGDxNjc2kMmgpJcx F+b6QsNGYcBnYyZHhrZr2J+J/ XTnBw3k2FihMExSdBKCTkQYZr YesB2hcaENnkcqBCUc40QwQtK OPciontq2T78Gd/P08aJxXf8u vTcvVi2kyR7JEDckR8ckaq5Ir USJ1w8kCeyDN5cR6dV+fNef8 ZLTjTnV3yB87HNz/cnhw=</la texit><latexit sha1 _base64="qE7agtqj9HBEqm02 Lh5vMjGYTRM=">AAACEHicbVC 7TsMwFHXKq5RXgBEGiwoJMVQJ QoKxgoWxSPQhtVXluLfFquNE9 g2iirLwCXwFK0xsiJU/YOBfcE MHaDnT0Tn3+lyfIJbCoOd9OoW FxaXlleJqaW19Y3PL3d5pmCj RHOo8kpFuBcyAFArqKFBCK9bA wkBCMxhdTvzmHWgjInWD4xi6I RsqMRCcoZV67n7ayR9JNfSzDs I9pn0hGUbqOMt6btmreDnoPPG npEymqPXcr04/4kkICrlkxrR9 L8ZuyjQKLiErdRIDMeMjNoS2p YqFYLppfkBGDxNjc2kMmgpJcx F+b6QsNGYcBnYyZHhrZr2J+J/ XTnBw3k2FihMExSdBKCTkQYZr YesB2hcaENnkcqBCUc40QwQtK OPciontq2T78Gd/P08aJxXf8u vTcvVi2kyR7JEDckR8ckaq5Ir USJ1w8kCeyDN5cR6dV+fNef8 ZLTjTnV3yB87HNz/cnhw=</la texit><latexit sha1 _base64="qE7agtqj9HBEqm02 Lh5vMjGYTRM=">AAACEHicbVC 7TsMwFHXKq5RXgBEGiwoJMVQJ QoKxgoWxSPQhtVXluLfFquNE9 g2iirLwCXwFK0xsiJU/YOBfcE MHaDnT0Tn3+lyfIJbCoOd9OoW FxaXlleJqaW19Y3PL3d5pmCj RHOo8kpFuBcyAFArqKFBCK9bA wkBCMxhdTvzmHWgjInWD4xi6I RsqMRCcoZV67n7ayR9JNfSzDs I9pn0hGUbqOMt6btmreDnoPPG npEymqPXcr04/4kkICrlkxrR9 L8ZuyjQKLiErdRIDMeMjNoS2p YqFYLppfkBGDxNjc2kMmgpJcx F+b6QsNGYcBnYyZHhrZr2J+J/ XTnBw3k2FihMExSdBKCTkQYZr YesB2hcaENnkcqBCUc40QwQtK OPciontq2T78Gd/P08aJxXf8u vTcvVi2kyR7JEDckR8ckaq5Ir USJ1w8kCeyDN5cR6dV+fNef8 ZLTjTnV3yB87HNz/cnhw=</la texit><latexit sha1 _base64="qE7agtqj9HBEqm02 Lh5vMjGYTRM=">AAACEHicbVC 7TsMwFHXKq5RXgBEGiwoJMVQJ QoKxgoWxSPQhtVXluLfFquNE9 g2iirLwCXwFK0xsiJU/YOBfcE MHaDnT0Tn3+lyfIJbCoOd9OoW FxaXlleJqaW19Y3PL3d5pmCj RHOo8kpFuBcyAFArqKFBCK9bA wkBCMxhdTvzmHWgjInWD4xi6I RsqMRCcoZV67n7ayR9JNfSzDs I9pn0hGUbqOMt6btmreDnoPPG npEymqPXcr04/4kkICrlkxrR9 L8ZuyjQKLiErdRIDMeMjNoS2p YqFYLppfkBGDxNjc2kMmgpJcx F+b6QsNGYcBnYyZHhrZr2J+J/ XTnBw3k2FihMExSdBKCTkQYZr YesB2hcaENnkcqBCUc40QwQtK OPciontq2T78Gd/P08aJxXf8u vTcvVi2kyR7JEDckR8ckaq5Ir USJ1w8kCeyDN5cR6dV+fNef8 ZLTjTnV3yB87HNz/cnhw=</la texit>
↵3
<latexit sha1_base64="SXy7ojnWghRcKczaLy 1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90t0aKTH6 CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAF skSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GI vYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXCqei/h7IwHfmJnvpZM+0MQs epn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSf ldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</late xit><latexit sha1_base64="SXy7ojnWghRcKczaLy 1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90t0aKTH6 CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAF skSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GI vYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXCqei/h7IwHfmJnvpZM+0MQs epn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSf ldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</late xit><latexit sha1_base64="SXy7ojnWghRcKczaLy 1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90t0aKTH6 CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAF skSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GI vYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXCqei/h7IwHfmJnvpZM+0MQs epn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSf ldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</late xit><latexit sha1_base64="SXy7ojnWghRcKczaLy 1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90t0aKTH6 CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAF skSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GI vYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXCqei/h7IwHfmJnvpZM+0MQs epn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSf ldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</late xit>
 3
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FIG. 12. Zeros trajectory in the unit disk as we move
along the boundary of the allowed region in the {α3, β3} space
(bottom-right) plot. In each channel we mark with an upper-
triangle the zeros at the integrable point, with a circle those
at the SU(3) point and with a diamond at the SU(5) point.
3. Exploring the boundary and the spectrum fixing
the axion
The last numerical problem we address in this section
is what happens to the spectrum if we fix the experi-
mentally observed world-sheet axion. For instance, we
can minimize the value of α3 at any fixed β3 and look at
the S-matrix optimizing the bound, given the additional
condition that S(saxion) = 0. The result when we fix the
axion at the SU(3) value is shown in figure 13.
As we might expect, imposing an additional condition
shrinks the allowed space of parameters, but interest-
ingly, while the previous bound was smooth, now there
is a kink. Moreover, the resonance spectrum is somehow
stable: for any value of β3 we find an axion*, a dilaton
and a symmetron and for the range of β3 we scanned
their position does not vary much. Another game one
could play is to fix β3, α3 and the axion at the experi-
mentally estimated values and repeat the analysis of the
spectrum varying some other higher order parameter or
bounding it. We leave this interesting analysis to future
explorations.
4. Coupling Q
When a resonance is close to the real energy axis, the
phase of the S-matrix jumps by pi as it passes close to
s=0
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<latexit sha1_base64="pyV074HTrFz0v0BmVf6So3M41lQ=">AAACEXicbVC7TsMwFHV4lvIqMCIkiwqJqUoQEowVLIxF og+piSrHvS1WHSeybxBVlIlP4CtYYWJDrHwBA/+CGzpAy5mOzrnX9/iEiRQGXffTWVhcWl5ZLa2V1zc2t7YrO7stE6eaQ5PHMtadkBmQQkETBUroJBpYFEpoh6PLid++A21ErG5wnEAQsaESA8EZWqlXOcj84pFMQz/3Ee4xM+MoAtSxyvNeperW3AJ0nnh TUiVTNHqVL78f8zQChVwyY7qem2CQMY2CS8jLfmogYXzEhtC1VLEITJAVCXJ6lBqGMU1AUyFpIcLvjYxFxoYL7WTE8NbMehPxP6+b4uA8yIRKUgTFJ4dQSCgOGa6F7QdoX2hAZJPkQIWinGmGCFpQxrkVU1tY2fbhzf5+nrROap7l16fV+sW0mRLZJ4fkm HjkjNTJFWmQJuHkgTyRZ/LiPDqvzpvz/jO64Ex39sgfOB/fxTye/w==</latexit><latexit sha1_base64="pyV074HTrFz0v0BmVf6So3M41lQ=">AAACEXicbVC7TsMwFHV4lvIqMCIkiwqJqUoQEowVLIxF og+piSrHvS1WHSeybxBVlIlP4CtYYWJDrHwBA/+CGzpAy5mOzrnX9/iEiRQGXffTWVhcWl5ZLa2V1zc2t7YrO7stE6eaQ5PHMtadkBmQQkETBUroJBpYFEpoh6PLid++A21ErG5wnEAQsaESA8EZWqlXOcj84pFMQz/3Ee4xM+MoAtSxyvNeperW3AJ0nnh TUiVTNHqVL78f8zQChVwyY7qem2CQMY2CS8jLfmogYXzEhtC1VLEITJAVCXJ6lBqGMU1AUyFpIcLvjYxFxoYL7WTE8NbMehPxP6+b4uA8yIRKUgTFJ4dQSCgOGa6F7QdoX2hAZJPkQIWinGmGCFpQxrkVU1tY2fbhzf5+nrROap7l16fV+sW0mRLZJ4fkm HjkjNTJFWmQJuHkgTyRZ/LiPDqvzpvz/jO64Ex39sgfOB/fxTye/w==</latexit><latexit sha1_base64="pyV074HTrFz0v0BmVf6So3M41lQ=">AAACEXicbVC7TsMwFHV4lvIqMCIkiwqJqUoQEowVLIxF og+piSrHvS1WHSeybxBVlIlP4CtYYWJDrHwBA/+CGzpAy5mOzrnX9/iEiRQGXffTWVhcWl5ZLa2V1zc2t7YrO7stE6eaQ5PHMtadkBmQQkETBUroJBpYFEpoh6PLid++A21ErG5wnEAQsaESA8EZWqlXOcj84pFMQz/3Ee4xM+MoAtSxyvNeperW3AJ0nnh TUiVTNHqVL78f8zQChVwyY7qem2CQMY2CS8jLfmogYXzEhtC1VLEITJAVCXJ6lBqGMU1AUyFpIcLvjYxFxoYL7WTE8NbMehPxP6+b4uA8yIRKUgTFJ4dQSCgOGa6F7QdoX2hAZJPkQIWinGmGCFpQxrkVU1tY2fbhzf5+nrROap7l16fV+sW0mRLZJ4fkm HjkjNTJFWmQJuHkgTyRZ/LiPDqvzpvz/jO64Ex39sgfOB/fxTye/w==</latexit><latexit sha1_base64="pyV074HTrFz0v0BmVf6So3M41lQ=">AAACEXicbVC7TsMwFHV4lvIqMCIkiwqJqUoQEowVLIxF og+piSrHvS1WHSeybxBVlIlP4CtYYWJDrHwBA/+CGzpAy5mOzrnX9/iEiRQGXffTWVhcWl5ZLa2V1zc2t7YrO7stE6eaQ5PHMtadkBmQQkETBUroJBpYFEpoh6PLid++A21ErG5wnEAQsaESA8EZWqlXOcj84pFMQz/3Ee4xM+MoAtSxyvNeperW3AJ0nnh TUiVTNHqVL78f8zQChVwyY7qem2CQMY2CS8jLfmogYXzEhtC1VLEITJAVCXJ6lBqGMU1AUyFpIcLvjYxFxoYL7WTE8NbMehPxP6+b4uA8yIRKUgTFJ4dQSCgOGa6F7QdoX2hAZJPkQIWinGmGCFpQxrkVU1tY2fbhzf5+nrROap7l16fV+sW0mRLZJ4fkm HjkjNTJFWmQJuHkgTyRZ/LiPDqvzpvz/jO64Ex39sgfOB/fxTye/w==</latexit>
axion
<latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcH dyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTTxVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQX GtD03pm4KmqRQmBU7icEYxB0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRTC5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z 3TBme7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcH dyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTTxVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQX GtD03pm4KmqRQmBU7icEYxB0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRTC5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z 3TBme7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcH dyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTTxVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQX GtD03pm4KmqRQmBU7icEYxB0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRTC5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z 3TBme7ssT9wPr4BMAydCA==</latexit><latexit sha1_base64="CDH1DOgXn2nuU2fSucS4TkIFa2Q=">AAACDXicbVC7SgNBFJ31GeMraiU2g0GwCrsiaBm0sYxgHpCEcH dyEwdnH8zclYRl8RP8Clut7MTWb7DwX5ysKTTxVIdz7p1z5/ixkoZc99NZWFxaXlktrBXXNza3tks7uw0TJVpgXUQq0i0fDCoZYp0kKWzFGiHwFTb9u8uJ37xHbWQU3tA4xm4Aw1AOpACyUq+0n3byR1KN/axDOKIURtbJsl6p7FbcHHyeeFNSZlPUeqWvTj8SSYAhCQX GtD03pm4KmqRQmBU7icEYxB0MsW1pCAGabpqnZ/woMUARj1FzqXgu4u+NFAJjxoFvJwOgWzPrTcT/vHZCg/NuKsM4IQzFJIikwjzICC1tN8j7UiMRTC5HLkMuQAMRaslBCCsmtqyi7cOb/f08aZxUPMuvT8vVi2kzBXbADtkx89gZq7IrVmN1JtgDe2LP7MV5dF6dN+f9Z 3TBme7ssT9wPr4BMAydCA==</latexit>
axion*
<latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0=">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4 fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsSQFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqk UFhU2pnBFMQA+tiyNIYITZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEMKKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nT w=</latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0=">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4 fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsSQFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqk UFhU2pnBFMQA+tiyNIYITZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEMKKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nT w=</latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0=">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4 fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsSQFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqk UFhU2pnBFMQA+tiyNIYITZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEMKKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nT w=</latexit><latexit sha1_base64="k+EaXOIP8hw6cdFNOMKxNs2+rg0=">AAACDnicbVC7SgNBFJ31bXyt2mkzGASxCLsiaCnaWCoYE0iWcHdyE4 fMPpi5K8qy4Cf4FbZa2Ymtv2DhvzhZU2jiqQ7n3DvnzglTJQ153qczNT0zOze/sFhZWl5ZXXPXN65NkmmBdZGoRDdDMKhkjHWSpLCZaoQoVNgIB2dDv3GL2sgkvqL7FIMI+rHsSQFkpY67lbfLR3KN3aJNeEc53Flnvyg6btWreSX4JPFHpMpGuOi4X+1uIrIIYxIKjGn5XkpBDpqk UFhU2pnBFMQA+tiyNIYITZCX8QXfzQxQwlPUXCpeivh7I4fImPsotJMR0I0Z94bif14ro95xkMs4zQhjMQwiqbAMMkJLWw7yrtRIBMPLkcuYC9BAhFpyEMKKmW2rYvvwx38/Sa4Par7ll4fVk9NRMwtsm+2wPeazI3bCztkFqzPBHtgTe2YvzqPz6rw57z+jU85oZ5P9gfPxDaD4nT w=</latexit>
dilaton
<latexit sha1_base64="591SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFHV4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqn Kc22LVcSL7BlFFGfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeWV1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2QawryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55GoJB LZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqNjaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKkkRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNbV9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJNw8kCeyDN5cR6dV+fNe f8ZXXJmOwfkD5yPb84Rneg=</latexit><latexit sha1_base64="591SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFHV4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqn Kc22LVcSL7BlFFGfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeWV1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2QawryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55GoJB LZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqNjaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKkkRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNbV9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJNw8kCeyDN5cR6dV+fNe f8ZXXJmOwfkD5yPb84Rneg=</latexit><latexit sha1_base64="591SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFHV4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqn Kc22LVcSL7BlFFGfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeWV1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2QawryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55GoJB LZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqNjaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKkkRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNbV9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJNw8kCeyDN5cR6dV+fNe f8ZXXJmOwfkD5yPb84Rneg=</latexit><latexit sha1_base64="591SFijq9b1yAgYMBQJ+hQkeAwA=">AAACD3icbVC7TsMwFHV4lvIKMHaxqJCYqgQhwVjBwlgk+pDaqn Kc22LVcSL7BlFFGfgEvoIVJjbEyicw8C+4oQO0nOnonHt9rk+QSGHQ8z6dpeWV1bX10kZ5c2t7Z9fd22+ZONUcmjyWse4EzIAUCpooUEIn0cCiQEI7GF9O/fYdaCNidYOTBPoRGykxFJyhlQZuJesVj2QawryHcI9ZKCTDWOX5wK16Na8AXST+jFTJDI2B+9ULY55GoJB LZkzX9xLsZ0yj4BLyci81kDA+ZiPoWqpYBKafFfk5PUqNjaUJaCokLUT4vZGxyJhJFNjJiOGtmfem4n9eN8XheT8TKkkRFJ8GoZBQBBmuhW0HaCg0ILLp5UCFopxphghaUMa5FVNbV9n24c//fpG0Tmq+5den1frFrJkSqZBDckx8ckbq5Io0SJNw8kCeyDN5cR6dV+fNe f8ZXXJmOwfkD5yPb84Rneg=</latexit>
↵3
<latexit sha1_base64="SXy7ojnWghRcKczaLy1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90 t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GIvYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXC qei/h7IwHfmJnvpZM+0MQsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSfldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</latexit><latexit sha1_base64="SXy7ojnWghRcKczaLy1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90 t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GIvYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXC qei/h7IwHfmJnvpZM+0MQsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSfldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</latexit><latexit sha1_base64="SXy7ojnWghRcKczaLy1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90 t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GIvYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXC qei/h7IwHfmJnvpZM+0MQsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSfldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</latexit><latexit sha1_base64="SXy7ojnWghRcKczaLy1ycLGNzZ0=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeUWNH6sklOOT90 t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzo4XKWnItj+t0srq2vpGebOytb2zu1fdP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTW8yv/OA2sgwuKdZhK4P40COpABKpW4fVDSBwfmgWrPrdg6+TJyC1FiB5qD61R+GIvYxIKHAmJ5jR+QmoEkKhfNKPzYYgZjCGHspDcBH4yZ53jk/iQ1QyCPUXC qei/h7IwHfmJnvpZM+0MQsepn4n9eLaXTlJjKIYsJAZIdIKswPGaFlWgTyodRIBFly5DLgAjQQoZYchEjFOG2mkvbhLH6/TNpndSfldxe1xnXRTJkdsWN2yhx2yRrsljVZiwmm2BN7Zi/Wo/VqvVnvP6Mlq9g5ZH9gfXwDc8yUQw==</latexit>
 3
<latexit sha1_base64="oJF4TY+dhJu1d+bPOs1j6RDbL4M=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeURNH6sgmnnB+6WyNFVj6CFio6RMvXUPAvnI0LSJhqNLOrnR0/VtKQ6346pZXVtfWN8mZla3tnd6+6f9A2UaIFtkSkIt31waCSIbZIksJurBECX2 HHn95kfucRtZFReE+zGAcBTEI5lgLISp2+jwTD82G15tbdHHyZeAWpsQLNYfWrP4pEEmBIQoExPc+NaZCCJikUziv9xGAMYgoT7FkaQoBmkOZx5/wkMUARj1FzqXgu4u+NFAJjZoFvJwOgB7PoZeJ/Xi+h8dUglWGcEIYiO0RSYX7ICC1tD8hHUiMRZMmRy5AL0ECEWnIQwoqJLaZi+/AWv18m7bO6Z/ndRa1xXTRTZkfsmJ0yj12yBrtlTdZigk3ZE3tmL07qvDpvzvvPaMkpdg7ZHzgf36awk88=</latexit><latexit sha1_base64="oJF4TY+dhJu1d+bPOs1j6RDbL4M=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeURNH6sgmnnB+6WyNFVj6CFio6RMvXUPAvnI0LSJhqNLOrnR0/VtKQ6346pZXVtfWN8mZla3tnd6+6f9A2UaIFtkSkIt31waCSIbZIksJurBECX2 HHn95kfucRtZFReE+zGAcBTEI5lgLISp2+jwTD82G15tbdHHyZeAWpsQLNYfWrP4pEEmBIQoExPc+NaZCCJikUziv9xGAMYgoT7FkaQoBmkOZx5/wkMUARj1FzqXgu4u+NFAJjZoFvJwOgB7PoZeJ/Xi+h8dUglWGcEIYiO0RSYX7ICC1tD8hHUiMRZMmRy5AL0ECEWnIQwoqJLaZi+/AWv18m7bO6Z/ndRa1xXTRTZkfsmJ0yj12yBrtlTdZigk3ZE3tmL07qvDpvzvvPaMkpdg7ZHzgf36awk88=</latexit><latexit sha1_base64="oJF4TY+dhJu1d+bPOs1j6RDbL4M=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeURNH6sgmnnB+6WyNFVj6CFio6RMvXUPAvnI0LSJhqNLOrnR0/VtKQ6346pZXVtfWN8mZla3tnd6+6f9A2UaIFtkSkIt31waCSIbZIksJurBECX2 HHn95kfucRtZFReE+zGAcBTEI5lgLISp2+jwTD82G15tbdHHyZeAWpsQLNYfWrP4pEEmBIQoExPc+NaZCCJikUziv9xGAMYgoT7FkaQoBmkOZx5/wkMUARj1FzqXgu4u+NFAJjZoFvJwOgB7PoZeJ/Xi+h8dUglWGcEIYiO0RSYX7ICC1tD8hHUiMRZMmRy5AL0ECEWnIQwoqJLaZi+/AWv18m7bO6Z/ndRa1xXTRTZkfsmJ0yj12yBrtlTdZigk3ZE3tmL07qvDpvzvvPaMkpdg7ZHzgf36awk88=</latexit><latexit sha1_base64="oJF4TY+dhJu1d+bPOs1j6RDbL4M=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJKrIBCcoIGsogkYeURNH6sgmnnB+6WyNFVj6CFio6RMvXUPAvnI0LSJhqNLOrnR0/VtKQ6346pZXVtfWN8mZla3tnd6+6f9A2UaIFtkSkIt31waCSIbZIksJurBECX2 HHn95kfucRtZFReE+zGAcBTEI5lgLISp2+jwTD82G15tbdHHyZeAWpsQLNYfWrP4pEEmBIQoExPc+NaZCCJikUziv9xGAMYgoT7FkaQoBmkOZx5/wkMUARj1FzqXgu4u+NFAJjZoFvJwOgB7PoZeJ/Xi+h8dUglWGcEIYiO0RSYX7ICC1tD8hHUiMRZMmRy5AL0ECEWnIQwoqJLaZi+/AWv18m7bO6Z/ndRa1xXTRTZkfsmJ0yj12yBrtlTdZigk3ZE3tmL07qvDpvzvvPaMkpdg7ZHzgf36awk88=</latexit>
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FIG. 13. Zeros trajectory in the unit disk of each irrep S-
matrix as we move along the boundary of the allowed region in
{β3, α3} parameter space (bottom-right) at fixed SU(3) axion
as given in tab. IV. In gray are the old resonance trajectories
without the axion imposed. In the bound figure (bottom-
right) we show in gray shades the old smooth boundary: the
presence of a fixed resonance sharply cut the allowed region
giving rise to a kink at the point where the optimal bound
allows to emerge the resonance we fix.
it. A neat example is given in figure 11 where there is
a clear jump in the phase of the antisymmetric channel
when evaluated close to the resonance. To estimate the
coupling to the sharp axion resonance we do a “narrow
width” approximation
S(s)
∣∣
s∼m2res = −
s+ sm − isΓ/2
s− sm + isΓ/2 = e
2iδres(s) , (D4)
where the unitarity cuts are neglected and sΓ = mresΓ.
Therefore,
1
Γ
=
√
s
∂δres(s)
∂s
∣∣∣∣
s=m2res
, (D5)
up to terms of O(sΓ/sm). From equation (D5) and
the parametrisation of the phase as a function of Q
2δres(s)|= arctan Q
2s3
8(m2−s) [6, 27], we have Γ = m
5Q2/8 .
which is used in section IV.
Appendix E: Integrability computations
1. TBA
When expanding the TBA equation at large radius as
discussed in the text we end up with simple integrals to
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evaluate. In fact, all we need is∫
xn
ex − 1 = n! ζn+1 ≡ In , (E1)
plus two other integrals obtained from this one by inte-
grating by parts:∫
xn log(1− e−x)=− In+1
n+ 1
,
∫
xn
(ex − 1)2 =− nIn−1−In .
Only even zeta’s are generated leading to all the pi’s in
the final result (25). Expanding to higher orders we find
E0 =
√
R2 − pi3 −
32pi6γ3
225R7
− 64pi
7γ3
675R9
−
2pi8γ3
45 +
32768pi10γ5
3969
R11
−
16384pi11γ23
4725 +
22pi9γ3
1215 +
32768pi11γ5
3969
R13
(E2)
−
208384pi12γ23
50625 +
1001pi10γ3
145800 +
26624pi12γ5
5103 +
524288pi14γ7
225
R15
+ O(R−17) .
For D = 4 we have two goldstone particles and hence
two pseudo-energies and thus a priori, we have two cou-
pled differential equations to solve. Nicely, for the ground
state energy they can be reduced to a single equation [6]
which differs from the D = 3 equations (23), (22) in a
few factors of 2 only, precisely stemming from the fact
that we have now twice as many goldstone particles:
E0(R) = R+
2
piR
∫ ∞
0
dx log(1− e−ε(x)) (E3)
ε(x) = x+
1
2pi
∫ ∞
0
dx′
x′
K log(1− e−ε(x′)), (E4)
K = x′ ∂(δsym+δanti)
∂x′
= 2
(xx′
R2
+3α3
(4xx′
R2
)3
+. . .
)
.
Expanding again as in (24) and using again the inte-
grals (E1) leads to an expansion
E0 = R− pi
3R
− pi
2
18R3
− pi
3
54R5
− 5pi
4
648R7
− 128pi
6α3
225R7
+ . . .
(E5)
perfectly reproducing (3) and (21).
2. Level Splitting
Another quantity which is very sensitive to the devia-
tion from universality of the S-matrix low energy param-
eters is the level splitting between various excited energy
levels of the flux tube. In three dimensions, for example,
their degeneracy is broken precisely by the non-universal
parameter γ3 so we can translate the bound γ3 > −1/768
directly into a bound on how much the levels can split.
This is simplest to do in the integrability context where
those energy levels are given by a TBA generalization
valid for the excited states [32].
Here they simplify quite a lot due to the bosonic na-
ture of the particles (very rare in integrable models)
which allows for particles to have the same momenta
and also because of the absence of LL and RR scat-
tering in this spontaneous symmetry breaking setup. If
we consider N right movers with the same mode num-
ber n and N left movers with the same mode num-
ber −n then each quanta will have the same momen-
tum +p/−p for right/left movers respectively where p is
quantized through a souped up set of Bethe ansatz equa-
tions which include finite size corrections and which also
yield the (D = 3) exited state energy as
E = R+ 2Np+
∞∫
0
dx
piR
log(1− e−ε(x)) (E6)
2pin= pR+2Nδ
(
4p2
R2
)
+
∞∫
0
dx
2pix
K
(
4px
R2
)
log(1−e−ε(x)) ,
ε(x)=x+ 2Nδ
(
4xp
R2
)
+
∞∫
0
dx′
2pix′
K
(
4xx′
R2
)
log(1−e−ε(x′)) ,
which can be solved using the ansatz in (24) for the
pseudo-energy and an ansatz of the form
p =
2pin
R
+
p1
R3
+
p2
R5
+
p3
R7
+O
(
1
R8
)
. (E7)
for the momentum. Note, without the need for any com-
putation, that if the phase shift is linear δ(x) ∼ x, as it is
for the first few universal terms, then we can rescale p and
the corresponding mode number to absorb N completely
leading to the above mentioned degeneracy: the energy
only depends on N × n in this case. The breaking of the
degeneracy will thus be directly proportional to the first
non-universal deviation from the eis S-matrix. The sim-
plest example is (26) which upon using our bound implies
the upper bound
EN=2,n=2 − EN=4,n=1 ≤ 9592pi
6
15R7
+O(R−9) , (E8)
on the degeneracy of the first two degenerate states.
While a small degeneracy is indeed nicely measured in
the lattice, it is unfortunately quite challenging to com-
pare it with this analytic bound. In short, because of
all the pi’s in the expressions above, we need a radius of
about R ∼ 10 `s to be able to properly order the terms in
the low energy expansion while most lattice data is given
up to R ∼ 6 `s. It would be very nice to produce larger
radius data.
Appendix F: Perturbative Flux Tube Computations
As explained in III the strategy that we follow to com-
pute (3) consists in organizing the calculation by dividing
the action (1) into two pieces
A = Aint +Aint . (F1)
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Aint produces an integrable S-matrix up to O(s
3). This
S-matrix is fed into the TBA, which returns the universal
part of E0(R). The piece Aint consists of the leading or-
der breaking of integrability. In particular, this invovles
the leading non-universal operators – see below for a clar-
ification. We work at leading order in perturbation the-
ory with the integrability breaking piece Aint. Thus, the
leading order non-universal contribution to the vacuum
energy density is
=
32pi6(2−D)((D−2)α3+(D−4)β3)
225R8
, (F2)
after regularizing out the zero mode.
Before closing this section we must explain two ef-
fects that we have glossed over. First, recall that the
low energy universality of the NG theory implies that
all the one-loop leading order scattering amplitudes are
universal. In particular, the one-loop 2 → 4 processes
are non-zero away from D = 3, 26. Interestingly, this
implies that, in the absence of further massless degrees
of freedom, the NG theory is not integrable away from
D = 3, 26 [14]. These one-loop six-point amplitudes can
be reproduced with the following local operator
(∂µ∂νX
i)2
[
(∂ρX
j)4 − 1
2
∂ρX
j∂σX
j∂ρXk∂σX
k
]
, (F3)
where the overall normalization is unimportant for our
purposes. Generically, (F3) implies O(1/R7) deviations
from the finite volume spectrum associated to the inte-
grable S-matrix in appendix E 1. Indeed, (F3) is added
in Aint and subtracted in Aint. For the vacuum energy
density, we must compute a single insertion of (F3)
= ∂ν∂α∂β∆R(0) ∂ν∂γ∂β∆R(0) ∂α∂γ∆R(0) = 0 ,
where we omitted the symmetry factor. Given that the
latter diagram vanishes, we conclude that at O(1/R7)
the vacuum energy is insensitive to (F3) and therefore
the unique deviation from the square root formula at
O(1/R7) is given by (F2).
In D = 3, the presence of the leading non-universal
operator induces 2→ 4 particle production at O(`8ss5) in
the M -matrix element [16]. Therefore, one could expect
an O(1/R9) contribution to the vacuum energy from this
process. However, similarly to (F3), this process can be
reproduced by a local operator (∂µ∂νX)
2(∂ρX)
2 that has
a vanishing vacuum expectation value at finite volume.
The second effect is about the Einstein-Hilbert op-
erator R introduced in I. It is an evanescent operator,
i.e. its contribution to the tree-level S-matrix vanishes
for d = 2 world-sheet spacetime dimensions; but, when
dressed with virtual corrections in dimensional regular-
ization, gives a non-zero contribution to the S-matrix. Its
presence is needed for a consistent one-loop renormaliza-
tion of the NG theory. Thus R appears as a 1/ + ω3
counter-term in dimensional regularization [3], where
ω3 is a finite non-universal choice for the counter-term.
At O(s3) the 2 → 2 S-matrix of the renormalized NG
theory involves two-loop Feynman diagrams from the
NG vertices
√−det ∂αXµ∂βXµ and one loop diagrams
with a single insertion of the R and NG vertices. A
priori, one could expect that ω3 together with the con-
stants α3 and β3 in (18) make up a triad of possible
non-universal deformations at O(s3). However, the O(s3)
contribution of ω3 is analytic and thus can be absorbed
in the K4 = O(∂8X4) operators, i.e. in a shift of
the {α3, β3} parameters [15].
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